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Abstract
This SpringerBrief is based on a masters course on black hole thermodynamics
and the black hole information problem taught by Dieter Lüst during the sum-
mer term 2017 at the Ludwig-Maximilians-Universität in Munich; it was written by
Ward Vleeshouwers. It provides a short introduction to general relativity, which
describes gravity in terms of the curvature of space-time, and examines the prop-
erties of black holes. These are central objects in general relativity which arise
when sufficient energy is compressed into a finite volume, so that even light can-
not escape its gravitational pull. We will see that black holes exhibit a profound
connection with thermodynamic systems. Indeed, by quantizing a field theory on
curved backgrounds, one can show that black holes emit thermal (Hawking) radia-
tion, so that the connection with thermodynamics is more than a formal similarity.
Hawking radiation gives rise to an apparent conflict between general relativity
and quantum mechanics known as the black hole information problem. If a black
hole formed from a pure quantum state evaporates to form thermal radiation,
which is in a mixed state, then the unitarity postulate of quantum mechanics is vi-
olated. We will examine the black hole information problem, which has plagued
the physics community for over four decades, and consider prominent examples
of proposed solutions, in particular, the string theoretical construction of the
Tangherlini black hole, and the infinite number of asymptotic symmetries given by
BMS-transformations.
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1 Special relativity
In non-relativistic settings, the symmetry group of space-time is the Galilean group, which consists
of rotations and translations. These transformations leave spatial distances (as well as temporal
intervals) invariant. For example, in two spatial dimensions with coordinates px, yq, the squared
distance s2 “ p∆xq2 ` p∆yq2 is invariant under rotations, which are of the form
˜
x
y
¸
ÞÑ
˜
x1
y1
¸
“
˜
cosα sinα
´ sinα cosα
¸˜
x
y
¸
.
The invariance of spatial (Euclidean) distance is then given by s12 “ p∆x1q2 ` p∆y1q2 “ s2.
In the context of special relativity, our notion of invariant distance changes. Namely, if we consider a
p3 ` 1q-dimensional space i.e. three spatial and one temporal dimension parametrized by pt, x, y, zq,
we define the Minkowski distance
s2 “ ´pc∆tq2 ` p∆xq2 ` p∆yq2 ` p∆zq2 , (1)
where c is the speed of light. The group that leaves this distance invariant is called the Poincaré
group, which extends the Galilean group to include boosts. Distances in special relativity are no longer
positive semi-definite, namely, we distinguish
1. s2 ą 0 pIIIq Space-like distance ,
2. s2 “ 0 pIIq Light-like distance ,
3. s2 ă 0 pIq Time-like distance .
If we consider a line segment parametrized in pt, xq, the Roman numerals above correspond to the
regions in the space-time given in figure 1. For intervals with s2 ă 0, the (squared) proper time τ is
given by
τ2 :“ ´s
2
c2
. (2)
We will use four-vector notation xµ “ px0, x1, x2, x3q “ pct, x, y, zq and denote spatial coordinates as
xi “ px1, y2, z3q. The Minkowski metric is then given by
ηµν “
¨˚
˚˝˚˚´1 0 0 00 1 0 0
0 0 1 0
0 0 0 1
‹˛‹‹‹‚ . (3)
The Minkowski distance can then be conveniently be written as
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Figure 1: An example of a space-time diagram. The region indicated by Roman numeral I pIIIq
consists of points at time-like (space-like) distance from the origin at xµ “ 0, that is, points with
s2 ă 0 ps2 ą 0q. Region II is the light-cone of the origin, which separates time-like and space-like
regions. The green line indicates an example of a time-like trajectory with xpt “ 0q “ 0.
s2 “ ηµν∆xµ∆xν . (4)
We also employ Einstein summation convention
xµx
µ :“
ÿ
µ
xµx
µ .
I.e. we omit the summation symbol for repeated indices. The symmetry transformations that make
up the Poincaré group are then written as
1. xµ ÞÑ x˜µ “ xµ ` aµ (translations)
2. xµ ÞÑ x˜µ “ Λµνxν (boosts & rotations)
From the invariance of Minkowskian distance under boosts and rotations, we find
s2 “ p∆xqT ηp∆xq
“ p∆x˜qT ηp∆x˜q
“ p∆xqTΛT ηΛp∆xq , η1 :“ ΛT ηΛ . (5)
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The condition above is written in tensor notation as
ηρσ “ ΛµρΛνσηµν . (6)
We thus conclude that Λ P Op3, 1q, the p3` 1q-dimensional orthogonal group. The Poincaré group is
the semi-direct product of the Lorentz group and p3 ` 1q-dimensional translations. Elements of the
Lorentz group include
1. Rotations (in x, y-plane): Λµν “
¨˚
˚˝˚˚1 0 0 00 cos θ sin θ 0
0 ´ sin θ cos θ 0
0 0 0 1
‹˛‹‹‹‚ , 0 ď θ ă 2pi ,
2. Boosts (in x-direction): Λµν “
¨˚
˚˝˚˚ coshφ ´ sinhφ 0 0´ sinhφ coshφ 0 0
0 0 1 0
0 0 0 1
‹˛‹‹‹‚ , ´8 ă φ ă 8 .
One can easily check that these matrices satisfy η “ ΛT ηΛ, hence they leave the Minkowskian distance
invariant. We see that a boost transforms our coordinates as
t˜ “ t coshφ´ x sinhφ
x˜ “ x coshφ´ t sinhφ . (7)
For paths with x˜ “ 0, the speed in our original reference frame is
v “ x
t
“ sinhφ
coshφ
“ tanhφ ñ φ “ tanh´1 v ,
so that we find
t˜ “ γpt´ vxq
x˜ “ γpx´ vtq , γ :“ 1a
1´ v2{c2 . (8)
We see that s2 “ 0 for a tajectory with v “ c. From now on, we set c “ 1, so that light-like trajectories
are given by x “ ˘t. Note that the light-cone is mapped to itself under Lorentz transformations.
Time-like trajectories have v ă c, while space-like trajectories have v ą c. Hypothetical particles
which have v ą c are called tachyons, which are generally considered not to exist as propagating
degrees of freedom.
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2 Riemannian geometry
We consider (d+1)-dimensional smooth manifolds M, which are topological manifold that look locally
like Rn. M can be covered by open sets Ui, i P I, where I is some indexing set. The charts are then
defined as bijective maps φ : Ui Ñ R1,d with the requirement that, for UiŞUj ‰ 0, the transition
function φi ˝ φ´1j is C8. The collection of all Ui is then called an atlas.
At each point p PM, we can define a tangent space TpM, which consists of all the tangent vectors at
point p. The basis of TpM is written as teˆpµqu, so that any vector can be written as V “ V µ pxνq eˆpµq.
As we saw in the previous lecture, Lorentz transformation acts as xµ “ Λµνxν . Since Bµ1 “ Bx
µ
Bx1µ Bµ
and V µBµ “ V µ1Bµ1 , it follows that V µ1 “ Bxµ
1
Bxµ V
µ. We thus see that that eˆpµq “ Bµ, i.e. the tangent
space is spanned by partial derivatives defined at p. The dual space to the tangent space is called the
cotangent space, which is denoted by Tp˚M. It is dual to TpM in the sense that its basis covectors
θˆpµq satisfy θˆpµqeˆpνq “ δµν . Covectors are then expressed as w “ wµ pxνq θˆpµq. The basis covectors are
given by the differential forms, which we write as see that θˆpµq “ dxµ. The union of all TpM over all
p PM is called the tangent bundle overM and is denoted by TM. The collection of all TpM over all
p PM is then called the cotangent bundle overM, denoted by T˚M.
2.1 Tensors
Tensors are basically higher-dimensional generalizations of vectors and covectors. A pk, lq-tensor is
denoted as T pkqplq “ Tµ1,µ2...µkµ1,µ2...µlBµ1bBµ2b¨ ¨ ¨bBµk bdxν1bdxν2b¨ ¨ ¨bdxνl . These are elements
of TpMb ¨ ¨ ¨ b TpMlooooooooooomooooooooooon
k
bTp˚Mb ¨ ¨ ¨ b Tp˚Mlooooooooooomooooooooooon
l
. Important examples include the Minkowski metric we
encountered before, which is a p0, 2q-tensor, as well as the Riemann and Ricci tensors, to be considered
in due time.
2.2 Differential forms
Differential forms are completely antisymmetric p0, pq-tensors. They can thus be written as
Appq “ Arµ1µ2...µpsdx1 ^ dx2 ^ ¨ ¨ ¨ ^ dxp
The lowest-dimensional examples of p-forms are:
1. 0-form: scalar φ pxµq
2. 1-form: vectors Ap1q “ Aµdxµ e.g. the electromagnetic potential
3. 2-form: Fp2q “ Fµνdxµ ^ dxν e.g. the electromagnetic field strength.
We can construct (p+1)-forms out of p-forms by applying the exterior derivative Fpp`1q “ dAppq, which
acts as
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dpAppq “ 1p!
`BνArµ1µ2...µps˘ dxν ^ dxµ1 ^ ¨ ¨ ¨ ^ dxµp (9)
This allows us to construct the electromagnetic field strength out of the vector potential as Fp2q “
dAp1q “ BµAνdxµ ^ dxν .
2.3 de Rham cohomology
There are two important types of forms which we will consider further, namely, closed and exact forms.
Closed forms ω satisfy dω “ 0, whereas exact p-forms Fppq satisfy Fppq “ dApp´1q, for some pp´1q-form
App´1q. It is easy to show that ddA “ 0 for any A because of the antisymmetrization of the differential
forms; one therefore writes this as d2 “ 0. Hence dA is automatically closed for any differential form
A. An important question is whether there exist closed forms which are not exact. Forms with this
property form the basis of the cohomology group of our manifold, namely, we consider a p-form Fppq
topologically equivalent to some F 1ppq if they differ by an exact form. We denote the space of closed p-
forms by ZppMq “ tFppq|dFppq “ 0u and the space of exact p-forms by BppMq “ tFppq|Fppq “ dApp´1qu.
The De Rham cohomology is then defined as
HppMq “ ZppMq{BppMq “ tFppq | closed but not exact .u (10)
We consider an example of a physical application of de Rham cohomology. We saw that the electro-
magnetic field strangth Fµν can be written in form notation as Fp2q “ Fµνdxµ ^ dxν , of which the
matrix form is
Fµν “
¨˚
˚˝˚˚ 0 E1 E2 E3´E1 0 B3 ´B2
´E2 ´B3 0 B1
´E3 B2 ´B1 0
‹˛‹‹‹‚
The Bianchi identity is then given by dFp2q “ 0. Writing the gauge potential in form notation, Ap1q “
Aµdx
µ, we see that Fp2q “ dAp1q “ BµAνdxµ ^ dxν , hence F p2q is exact in the vacuum. The Bianchi
identity is written in terms of the vector potential as dFp2q “ d2Ap1q “ BρBµAνdxµ ^ dxν ^ dxρ “ 0.
Gauge transformations are parametrized by a scalar, that is, a 0-form, which we denote by χp0q. Gauge
equivalent potentials then differ by an exact form, i.e. A1µ „ Aµ´Bµχ. In form notation, this is written
as Ap1q “ Ap1q ´ dχp0q. We now consider two examples of toplogically non-trivial situations.
1. Aharonov-Bohm effect: We consider an infinite solenoid in an otherwise R3. The relevant
manifold is Mp1,3q “ Rp1,3q{cylinder, where the cylinder is the site of a solenoid. Outside this
solenoid the magnetic field is zero, inside the solenoid the magnetic field need not be zero. Then,
Ap1q “ dχp0q, but, by Stokes’ theorem,
ű
C dχp0q “
ş
S F “ Φ, where C is a closed curve which
5
encloses the cylinder, S is a surface such that C “ BS, and Φ is the magnetic flux through S. If
we take an electron around any closed path C, its wave-function changes as
ψ Ñ ψei e~
ű
C“BS ~A¨d~` “ ψei e~
ş
S
~B¨d~S “ ψei e~Φ .
Demanding that the wave function is single-valued leads to magnetic flux quantization:
Φ “ ~
e
2pin “ hn
e
, n P Z .
2. Magnetic monopole: This is a configuration with finite magnetic charge density ρpxq at r “ 0,
so that ~Bp~xq „ g~rr2 , where g is the magnetic charge. Gauss’ law then tells us that dFp2q “ ρp~xq.
This configuration cannot be covered by a single chart due to the presence of a Dirac string where
Fp2q ‰ dAp1q. We therefore have to introduce multiple coordinate patches so that Fp2q “ dAp1q
on each patch, but we cannot introduce a single patch that covers the entire space on which
Fp2q “ dAp1q holds. Similar to the Aharonov-Bohm effect, moving an electron in a circular path
that encloses the magnetic monopole gives an exchange phase given by ´4pieg~ , so that demanding
single-valuedness leads to the Dirac quantiation condition
g “ ~n
2e
, n P Z . (11)
That is, in the context of electric charges, all magnetic charges are quantized, and vice versa.
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3 Introduction to general relativity
General relativity (GR) can be seen as the gauge theory of local coordinate transformations. The basis
of GR is the equivalence principle, which, in some form, states that physics should be independent
of the choice of coordinate system. This is already present in Newtonian dynamics, where that the
inertial mass of a particle is equal to its gravitational mass.
Consider a thought experiment due to Einstein where we have an observer in a box. The observer
should not be able to distinguish between gravitational and inertial acceleration by means of local
experiments i.e. if the box is small enough no observer will be able to distinguish between these two
types of acceleration. This is known as the weak equivalence principle. However, if we put two observers
in a large enough box, they will be able to distinguish between gravitational and inertial acceleration,
since, assuming that the metric is independent of time, they can measure a gradient in the acceleration
in the case of gravitational acceleration but, not in the case of inertial acceleration. This obviously
constitutes a non-local experiment and is therefore not a violation of the weak equivalence principle.
We now consider changes of the coordinate system due to constant accelerations. Assume the trajectory
of an observer O is given by a path in Minkowski space given by xµpτq, where τ is the proper time of
the observer. Hence we have the velocity vector uµpτq “ ddτ xµ and acceleration aµpτq “ d
2
dτ2x
µ. We
then have aµuµ “ ηµνaµuν “ 0. In the case of constant acceleration, we have aµ “ p0, a, 0, 0q, a P R.
Taking boundary condition xµpτ “ 0q “ p0, a´1, 0, 0q, a simple calculation gives
xµpτq “ pa´1 sinhpaτq, a´1 coshpaτq, 0, 0q .
This is colloquially referred to as ‘fake gravity’, since the force is entirely due to the inertial ac-
celeration of the particle and not due to a mass distribution. We can obtain the same result by
performing a coordinate transformation on Minkowski space-time. Starting from flat Minkowski coor-
dinates px0, x1, x2, x3q we go to hyperbolic coordinates, which we write as pη, ρ, x2, x3q. The coordinate
systems are related as
x0 “ρ sinhpηq
x1 “ρ coshpηq . (12)
The line element is then written as
ds2 “ ´pdx0q2 ` d~x2
“ ´ρ2dη2 ´ dρ2 ` pdx2q2 ` pdx3q2 . (13)
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This space is known as Rindler space. As stated above, we require that the physics is invariant under
such coordinate transformations, so the physics of Rindler and Minkowski space are in some way
equivalent. We will further consider this point in due time.
Consider instead a physical gravitational force, namely, one induced by an energy distributions. Start-
ing from some metric denoted as gµνpxq, the line element is given by ds2 “ gµνdxµdxν . Since the
metric is symmetric, we have d2 pd ` 1q independent components in d dimensions, i.e. 10 independent
components in p3 ` 1q dimensional space. In the case of physical gravitation, there does not exist a
coordinate transformation of the form xµ Ñ x1µ “ xµ ` ξµ such that we retrieve the flat Minkowski
metric. This distinguishes physical (‘real’) gravity from ‘fake’ gravity.
8
4 General relativity
4.1 Equivalence principles
We distinguish the following equivalence principles:
1. Newton’s equivalence principle (which we retroactively denote as such for consistency in
nomenclature): Inertial mass is the same as gravitational mass
2. Weak equivalence principle: Gravitational and inertial acceleration are locally indistinguish-
able
3. Strong equivalence principle: Particles travel along geodesics on a curved manifold (ignoring
back-reaction of such particles on the metric as well as non-gravitational forces).
We have not previously encountered the strong equivalence principle before, which states that particles
move on the geodesics of a curved space-time manifoldM regardless of the nature of the particle under
consideration (in the limit where we ignore the back-reaction of the particle energy on the metric).
This can be stated in words by saying that gravity is equivalent to curvature of space-time.
As an example we again consider Rindler space, given by
t “ ρ sinhpaηq
x “ ρ coshpaηq (14)
Where η “ ˘ 1aarctanh
`
t
x
˘
ρ “ ˘?x2 ´ t2. The plus and minus in ρ correspond to the two ‘external’
regions of the corresponding Penrose diagram, which are connected by space-like geodesics. We will
return to this point in a later lecture. The above coordinate transformation gives
ds2 “ p´a2ρ2dη2 ` dρ2q ` pdx2q2 ` pdx3q2 .
Observers at rest in Rindler space, that is, at constant ρ, are constantly accelerated in Minkowski
space. In a curved space-time, there does not exist a globally defined coordinate transformation which
transforms gµνpxq Ñ ηµν , namely, one cannot define a global chart for a curved manifold. The light
cones that emanate from the origin are called Rindler horizons. They are given by ρ “ 0, η “ 8 and
ρ “ 0, η “ ´8. Hence they are never reached by locally inertial observers in Rindler coordinates i.e.
observers at rest in Rindler space.
4.2 Curved manifolds
From the Riemannian metric gµνpxq we construct the Christoffel connection Γρµν and from that the
Riemann and Ricci tensor as well as the Ricci scalar. The Christoffel connection gives us covariant
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derivative for parallel transport, Ricci tensor is the field strength of our connection, Ricci scalar gives
a measure of curvature. We will briefly consider more familiar gauge theories before moving on to
general relativity.
In general gauge theories, such as electromagnetism, we demand that the action is invariant under local
transformations of the form ψ Ñ eieΛpxqψpxq. This requires us to replace Bµ Ñ Dµ :“ Bµ ´ ieAµpxq
with Aµpxq Ñ Aµpxq ` BµΛpxq. The field strength is then given by rDµ, Dνs. In general relativity, the
‘gauge transformation’ is of the form xµ Ñ xµ ` ξµpxq i.e. a local transformation of our coordinates.
We then have ∇µV ν “ BµV ν ` ΓνµλV λ and r∇µ,∇νs „ Rµν , where Rµν is the Ricci tensor, as we will
see below. For usual gauge theories, we consider gauge fields Aiµ, where i is a group index. In GR the
analogous object is Γρµν , the group is (local) SOp1, 3q. We can raise one index on Γ to get Γρνµ , the
indices ρ and ν together form a group index of SOp1, 3q.
We consider S2, which is an example of a curved space. Starting from ds2 “ dx2 ` dy2 ` dz2, we
embed S2 in R3 AS x “ r cos θ sinϕ , y “ r sin θ sinϕ , z “ r cos θ. This gives
ds2 “ dr2 ` r2dθ2 ` r2 sin2 θdϕ2 .
To get S2, we fix r “ 1. The unit normal vector on S2 is xˆnpθ, ϕq “ psin θ cosϕ, sin θ sinϕ, cos θq. We
now construct the tangent vector. Two basis vectors of tangent space TpS2 are
~u1 “ Bθxˆ “ pcos θ cosϕ, cos θ sinϕ,´ sin θq ,
~u2 “ Bϕxˆ “ p´ sin θ sinϕ, sin θ cosϕ, 0q .
One can easily check by taking the inner product that these are orthogonal to the normal vector. We
see from the line element that the metric is given by
gµνpθ, ϕq “ ~uµ~uν “
˜
1 0
0 sin2 θ
¸
.
We would like to define covariant derivatives which are intrinsic to manifold i.e. which can be found
without referring to the embedding of our manifold in some other so. We first calculate
Bθ~u1 “p´ sin θ cosϕ,´ sin θ sinϕ,´ cos θq “ ´~xn ,
Bϕ~u1 “Bθ~u2 “ p´ cos θ sinϕ, cos θ cosϕ, 0q “ cot θ~u2 ,
Bϕ~u2 “p´ sin θ cosϕ,´ sin θ sinϕ, 0q “ ´ sin2 θ~xn ´ cos θ sin θ~u1 .
We now drop the normal components to the derivatives of the vectors we just calculated to find the
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covariant derivatives
∇θ~u1 “ 0 , ∇ϕ~u2 “ cot θ~u2 “ ∇ϕ~u1 , ∇ϕ~u2 “ ´ cos θ sin θ~u1 .
We thus find
Γ212 “ Γ221 “ cot θ , Γ122 “ ´ cos θ sin θ ,
so that
∇µV ν “BµV ν ` ΓνµλV λ ,
∇µwν “Bµwν ´ Γλµνwλ (15)
is satisfied. This is the general action of the covariant derivative ∇µ on a vector V ν and a form wν ,
which we added for completeness.
Figure 2: Parallel transport of a vector along a sphere. Image adapted from [1].
4.2.1 Parallel transport, geodesics, and curvature
If V λ transform as a vector under local Lorentz transformations, then ∇µV λ transforms as a tensor
under coordinate transformations while BµV λ does not. We define the torsion tensor as Tλµν :“ Γλrµνs A
connection is called torsion-free if Tλµν “ 0. Further, a connection is metric-compatible if ∇ρgµνpxq “ 0.
The Christoffel connection is given by
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Γρµν “ 12g
ρκ pBµgνκ ` Bνgνκ ´ Bκgµνq . (16)
One can show that this connection is torsion-free and metric-compatible. The central object that
characterizes space-time curvature is the Riemann tensor. The Riemann tensor describes the parallel
transport of a vector V µ along an infinetesimally small path. Consider the translating a vector V µ
along a path xµpλq. This constitutes parallel transport if DdλV µ :“ dx
ν
dλ ∇νV µ “ 0, which can be
rewritten to give
d
dλ
V µ ` Γµσρ dx
σ
dλ
V ρ “ 0 .
As an example, we parallel V µ along a curve given by xνpλq, which is a closed curve from p1, 0, 0q to
p0, 1, 0q to p0, 0, 1q back to p1, 0, 0q. The path is divided up into smooth sections A, B, C as
xApλq “ pcosλ, sinλ, 0q , xBpλq “ p0, sinλ,´ cosλq , xCpλq “ p´ sinλ, 0,´ cosλq with λA P
”
0,
pi
2
ı
.
This is illustrated in figure 2. One clearly sees that parallel transporting a vector along a closed path
on a curved manifold, in this case a two-sphere, can lead to a change in direction, give by the angle
between the two arrows at the North pole of the two-sphere. Infinetesimally, we have
r∇µ,∇νsV ρ “ RρσµνV σ ´ Γλµν∇λV ρ .
The second term is zero because of antisymmetry of the Christoffel connection.
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5 Einstein’s equations
5.1 Christoffel connection
The Christoffel connection is associated to a covariant derivative acting on tensors. In familiar gauge
theories, the partial derivative is replaced by a covariant derivative as Bµ Ñ Dµ “ Bµ ` ieAµpxq. In
general relativity, the covariant derivative acts as Bµ Ñ ∇µ “
´
Bµ ` Γνµλ
¯
˝, where ˝ indicates that
multiplication is tensorially non-trivial, see 15.
5.1.1 Parallel transport
Parallel transport of a vector V µ satisfies
d
dλ
V µ ` Γµρσ dx
σ
dλ
V ρ “ 0 .
A special case of parallel transport involves the geodesics on M. Expressing V µ as a tangent vector
onM given by V µ “ dxµdλ , we find
d2xµpλq
dλ2
` Γµρσ dx
ρ
dλ
dxσ
dλ
“ 0 . (17)
This is known as the geodesic equation.
5.1.2 Curvature: the ‘field strength’ of Γ
As we saw, in a typical gauge theory the field strength tensor is Fµν “ BµAν ´ BνAµ “ ´i rDµ, Dνs.
In general relativity, the analogous object is the Riemann (curvature) tensor, given by
r∇µ,∇νsV ρ “ RρσµνV σlooomooon
curvature
´Γλµν∇λV ρloooomoooon
torsion
.
For connections that are symmetic in their lower indices, such as the Christoffel connection, the torsion
is equal to zero. Plugging in the covariant derivative associated to the Christoffel connection gives
Rρσµν “ BµΓρνσ ´ BνΓρµσ ` ΓρµλΓλνσ ´ ΓρνλΓλµσ . (18)
The Riemann tensor becomes easier to manipulate if we lower an index using the metric as Rρσµν “
gρλR
λ
σµν . The symmetry properties of this tensor are
13
Rρσµν “Rµνρσ
Rρσµν “Rrρσsrµνs . (19)
The Bianchi identity is given by
∇rλRρσsµν “ 0 . (20)
Note that the Riemann tensor transforms non-trivially under coordinate transformations e.g. Lorentz
transformations. We then construct the Ricci tensor as
Rµν “ Rλµλν , Rµν “ Rνµ . (21)
The Ricci scalar is then defined as
R “ Rµµ . (22)
We combine these with the metric to construct the Einstein tensor
Gµν “ Rµν ´ 1
2
Rgµν , ∇µGµν “ 0 . (23)
Where the second equality is the defining property of the Einstein tensor. As a simple example,
consider the metric of S2 with radius a, which is given by
ds2 “ a2 `dθ2 ` sin2 θdϕ2˘ .
For this metric, the Ricci scalar equals
Rρσµν “ 1
a2
pgρµgσν ´ gρνgσµq .
Space-times with a metric that can be written in this form are called maximally symmetric spaces or
Einstein spaces. For an n-dimensional space(-time), they are easily seen to satisfy Rµν “ n´1a2 gµν and
R “ npn´1qa2 , e.g. for S2 we have R “ 2a2 .
5.2 Einstein equations
The Einstein equations tell us how matter or energy affects the curvature of a space-time, as well as
how matter or energy is affected by the curvature of space-time. This is reminiscent of the equivalence
14
between inertial mass and gravitational mass. Newton’s equation of gravitation can be written as
mIa “ ´mG∇Φ, where Φ is the gravitational potential and mI and mG are the intertial and gravita-
tional mass, respectively. Consider the geodesic equation of a massive particle with |dxidτ | ! | dtdτ | i.e. in
the limit of small velocities. Then
d2xµ
dτ2
` Γµ00
ˆ
dt
dτ
˙2
“ 0 .
Using Γµ00 “ ´ 12gµλBλg00 and making a weak field approximation gµν “ ηµν ` hµν , |hµν | ! 1, we find
d2xµ
dτ2
“ 1
2
ηµλBλh00
ˆ
dt
dτ
˙2
.
Since dtdτ « 1, we have
d2xi
dτ2
“ 1
2
Bih00 .
For small Φ, we have g00 “ ´p1` 2Φq, so that we retrieve the Newtonian limit
d2xi
dτ2
“ ´BiΦ .
Introducing a matter density ρp~xq, we find the Poisson equation
∇2Φ “ 4piGρ
Where G is Newton’s constant. On the left hand side, we have a geometric quantity akin to curvature,
and on the right hand side we have an matter distribution. Einstein’s equations of general relativity
can be seen as a fully covariant generalization of this expression. Observe that ρ “ T 00, where
Tµν “ ´ 2?´g δSmatterδgµν is the energy-momentum tensor. Here, g “ det gµν , the determinant of the
metric, and Smatter is specific to the matter system we are considering e.g. the standard model. We
thus find
∇2h00 “ ´8piGT00 .
These can be seen to arise as a limit of the Einstein field equations, which are given by
Gµν “ Rµν ´ 1
2
Rgµν “ 8piGTµν ´ 1
2
Λgµν , (24)
where Λ is know as the cosmological constant, which constitutes a constant energy density in our
space-time. From energy-momentum conservation, ∇µTµν “ 0 “ ∇µGµν , which explains the relevance
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of the Einstein tensor.
A natural question is which action gives rise to the Einstein field equations. The answer is the Einstein-
Hilbert action, which is given by
SEH “ 1
8piG
ż
d4x
?´g pR´ Λq ` Lmatter (25)
Using
Tµν “ ´ 2?´g
δSmatter
δgµν
and demanding δSEHδgµν “ 0, one can derive the Einstein equation. Since the energy-momentum tensor
depends on the metric, the equations we end up with are typically very complicated.
5.3 Remarks
Einstein equations are a system of coupled non-linear second order partial differential equations. This
means that analytic solutions are rather difficult to find, and very few are known. To find a solution
we have to choose initial conditions. In Newton, we choose ppi, xiqpt0q, where t0 is some initial time.
In GR, we choose a space-like hypersurface Σ, which is called a Cauchy surface if the union of its
past and future domains of dependence cover the entire space-time. For such a Σ we can formulate a
well-defined initial value problem.
Approximate solutions include two important classes
1. Gravitational waves: These are approximate solutions of the vacuum Einstein equations in
the limit |hµν | ! 1, v “ c. This gives the following equation
lhµν ´ 1
2
ηµνlh “ ´16piGTµν
We are in a vacuum, Tµν “ 0, so that
lhµν “ 0 . (26)
This describes a fully relativistic wave with two polarization, namely h`` and h´´, so that this
wave corresponds to a spin-2 particle.
2. Newtonian limit: In this case we take the limit |hµν | ! 1, v ! c, which we also considered in
the previous section. For an object of mass M at position ~x “ 0, we then have
h00 “ ´2Φ , ρp~xq “Mδp~xq ñ Φ “ ´GM
r
. (27)
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Then
ds2 “ ´p1` 2Φq dt2 ` p1´ 2Φq `dx2 ` dy2 ` dz2˘
“ ´
ˆ
1´ 2GM
r
˙
dt2 `
ˆ
1` 2GM
r
˙`
dr2 ` r2dΩ2˘ . (28)
The attentive reader may wonder why a non-zero mass would give rise to a vacuum solution of Einstein’s
equations. This will be clarified in the next section where we consider the Schwarzschild black hole
solution, which will be reminiscent of the metric given above.
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6 Black holes
We will now introduce the central objects of interest, namely, black holes. These arise from gravi-
tational collapse of an object with some mass which is compressed into a small region of space-time.
It is caracterized by a curvature singularity at the origin which is ‘screened’ to outside observers by
a coordinate singularity at finite radial distance. This coordinate singularity is known as the event
horizon, which will be seen to exhibit deep connections with thermodynamic systems.
6.1 Schwarzschild solution
The metric of a star of mass M which we derived last time is the large r, small M limit of the
Schwarzschild solution, which we consider here. We look for an exact solution of Rµν ´ 12Rgµν “
8piGTµν ` 12Λgµν under the following assumptions.
1. Vacuum solution: Tµν “ 0
2. Spherical symmetry: Bφgµν “ 0
3. Asymptotic flatness: Λ “ 0, where Λ is the cosmological constant
The solution which satisfies these assumptions was found by Schwarzschild only a few months after
Einstein published his theory of general relativity. It reads
ds2 “ ´
ˆ
1´ 2M
r
˙
dt2 `
ˆ
1´ 2M
r
˙´1
dr2 ` r2pdθ2 ` sin2 θdϕ2qlooooooooooomooooooooooon
r2dΩ2
. (29)
This is known as the Schwarzschild metric. We have one parameter, mass M , while electric charge
Q and angular momentum L are zero. Birkhoff’s theorem then tells us that the Schwarzschild black
hole is the only spherically symmetric solution of Einstein’s equations. We see that for large r, we can
expand
`
1´ 2Mr
˘´1 « 1` 2Mr , which gives the metric for a star derived last time. For r Ñ8 as well
as M Ñ 0, we retrieve Minkowski space.
We now compute the curvature of this geometry. In this metric, we have Rµν “ 0, so that this is
a so-called Ricci flat space. Hence, we consider another quantity than the Ricci tensor, namely, the
Kretschmann scalar, which, for the Schwarzschild metric, is given by
RµνρσR
µνρσ “ 48M
2
r6
rÑ0Ñ 8 .
The r Ñ 0 behaviour of the Kretschmann scalar expresses the fact that r “ 0 is the locus of a space-
time singularity, namely, a singularity which cannot be resolved by a coordinate transformation. This
is different from the coordinate singularity at r “ 2M , where the Kretschmann scalar is finite. This
coordinate transformation can be removed by going to a different coodrinate system, as we will see
later.
18
6.2 Event horizon
The event horizon has the topology of S2 and is located at r “ 2M . Here, the metric becomes
divergent. However, all components of Rλµνρ are finite. Hence we see (as stated before) that this is
not a true (space-time) singularity but merely a coordinate singularity. However, in spite of the fact
that this singularity is removable, a lot of interesting physics takes place here. We distinguish between
three different parts of a black hoe space-time
• For r ą 2M , called region I or the exterior of the black hole, the metric has signature p´,`,`,`q.
• For r ă 2M , called region II or the interior of the black hole, the metric has signature
p`,´,`,`q.
• At r “ 2M , we have the event horizon, which is a null surface since it has signature p0, 0,`,`q.
We thus see that the event horizon is the point at which x and t exchange their respective signatures
(positive and negative). In region II we have to move forward in r i.e. to r “ 0, which means one
inevitably hits the singularity. This is is reminiscent of particles always moving forward in time (after
setting our conventions of time direction) in region I.
Figure 3: Space-time diagram of the near-horizon region of the Schwarzschild metric. We see that the
future directed light cones, given by the shaded areas, ‘close up’ when we approach the Schwarzschild
radius rs from r ą rs. At r “ rs, the direction of the light cones changes discontinuously as r and t
exchange (positive and negative) signature.
An outside observer will never see a signal reach the event horizon since signals close to the event
horizon get infinitely red-shifted i.e. signals slow down until they become stationary close to the event
horizon. Infinite redshift means that light loses all its energy as it climbs out of the gravitational
potential of the mass at r “ 0, which is why black hole is an appropriate name for this object. At
r “ 2M , the light-cone flips since metric signature changes from p´,`,`,`q to p`,´,`,`q.
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We now consider a co-moving observer that is propagating toward a black hole. Such an observer crosses
the event horizon in finite proper time τ and does not experience anything special when crossing the
event horizon. This observer also reaches the space-time singularity in finite time. Consider a radial
null geodesic i.e. ds2 “ 0 and dθdt “ 0 “ dϕdt . This gives
dr
dt
“ ˘
ˆ
1´ 2M
r
˙
. (30)
Equation 30 tells us that the light cone indeed ‘closes up’ when approaching the event horizon. We
now change to a coordinate system which does not contain the coordinate singularity we have in the
Schwarzschild solution. We first go to tortoise coordinates. We first solve 30, which gives
t “ ˘
”
r ` 2M ln
´ r
2M
´ 1
¯ı
.
We then introduce r˚ “ r ` 2M ln ` r2M ´ 1˘ rÑ2MÝÝÝÝÑ ´8. Our metric then becomes
ds2 “
ˆ
1´ 2M
r
˙`´dt2 ` pdr˚q2 ˘` r2dΩ2 . (31)
This metric is conformally equivalent to the Minkowski metric, which means that light cones are given
by r˚ “ ˘t. However, this metric is not quite what we are looking for since gtt, grr rÑ2MÝÝÝÝÑ 0.
We then introduce v “ t`r˚ and u “ t´r˚ such that v “constant and u “constant describe outgoing
and infalling radial null curves, respectively. We can then express our metric as follows
ds2 “ ´
ˆ
1´ 2M
r
˙
dv2 ` 2dvdr ` r2dΩ2 . (32)
This is the so-called Eddington-Finkelstein metric. For a null curve, we have ds2 “ 0. For dΩ “ 0 (i.e.
radial null curves), this gives ds2 “ ´ `1´ 2Mr ˘ dv2 ` 2drdv “ 0. The solutions are
dv
dr
“
#
0 ,
2
1´ 2Mr
.
Hence for r ă 2M all future-directed paths are in the direction of decreasing r, which means that a
signal at r ă 2M will inevitably hit the space-time singularity at r “ 0.
In the next lecture, we introduce the Kruskal-Szekeres coordinates, which helps us completely get
rid of coordinate singularities. This will make our space-time geodesically complete, but we also get
additional regions III and IV that are copies of I and II.
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7 Kruskal-Szekeres coordinates and geodesics of the Schwarzschild
black hole
Last lecture, we saw that the Schwarzschild solution is characterized by a curvature singularity at
r “ 0 and a metric singularity at r “ 2GMc2 , where we re-introduced the gravitational constant G and
speed of light c. The space-time has an exterior and an interior region characterized by r ą 2M and
r ă 2M and denoted by I and II, respectively. Today we will consider a new coordinate system which
will allow us to double the space-time and find copies of regions I and II. So far we have introduced
the following coordinate systems
1. Schwarzschild coordinates: pt, r, θ, ϕq
2. Tortoise coordinates: pt, r˚, θ, ϕq with r˚ “ r ` 2M ln ` r2M ´ 1˘
3. Eddington-Finkelstein coordinates: pv, u, θ, ϕq, where u, v are light-cone coordinates given by
v “ t` r˚, u “ t´ r˚.
We now introduce Kruskal-Szekeres coordinates as
R “ | r2M ´ 1|1{2er{4M cosh
`
t
4M
˘
T “ | r2M ´ 1|1{2er{4M sinh
`
t
4M
˘+ region I ,
R “ | r2M ´ 1|1{2er{4M sinh
`
t
4M
˘
T “ | r2M ´ 1|1{2er{4M cosh
`
t
4M
˘+ region II .
The metric is then given by
ds2 “ 32M
3
r
e´r{2M
`´dT 2 ` dR2˘` r2dΩ2p2q . (33)
A useful expression is T 2 ´ R2 “ `1´ r2M ˘ er{2M , which holds in both regions I and II. Kruskal-
Szekeres coordinates are perhaps the most useful coordinates for describing a black hole since they are
geodesically complete and they do not exhibit a metric singularity. They cover the entire space-time,
in fact it is the double cover of our original space-time, as we will see. Some remarks are in order.
1. We still have a curvature singularity at r “ 0 Ø T 2 “ R2 ` 1.
2. However, the metric is regular at r “ 2M Ø T “ ˘R.
3. Radial null curves are given by T “ R` constant.
We can allow T and R to range over ´8 ă R ă 8 and ´8 ă T ă 8 subject to T 2 ď R2 ` 1, which
will give a second copy of our space-time.
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Figure 4: A diagram of the Schwarzschild black hole in Kruskal-Szekeres coordinates, where null curves
travel at 45 degrees. Note that the even horizons are also at 45 degrees, which signals the fact that
they are null-like hypersurfaces. We have four regions indicated by Roman numerals as described in
the text. Image adapted from [2]
The four regions of the Kruskal-Szekeres diagram are
•
I : r ą 2M : exterior of black hole
II : r ă 2M : interior of black hole
,.- our original space-time ,
•
III : r ą 2M : parallel universe, causally disconnected from I
IV : r ą 2M : white hole
,.- a copy of our original space-time .
The white hole is a region of space-time from which signals can reach any point in space-time, but not
the other way around. The white hole is shielded by a horizon, as per the cosmic censorship conjecture.
This holds that all curvature singularities are ‘screened’ by an event horizon i.e. there are no so called
naked singularities.
7.1 Geodesics and effective potential of the Schwarzschild black hole
We consider paths outside the horizon and ask ourselves whether we can escape the gravitational pull
of the black hole as long are we outside the event horizon. We will see that the answer is yes. Recall
the geodesic equation
d2xµ
dτ2
“ ´Γµνλ
dxν
dτ
dxλ
dτ
.
The symmetries of our system allow us to isolate a single differential equation with an effective po-
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tential. The metric is invariant under rotations as well as time translations. This gives two Killing
vectors, namely
Kµφ “ p0, 0, 0, 1q ,
Kµt “ p1, 0, 0, 0q .
These satisfy the Killing equation
Kµ
dxµ
dτ
“ constant . (34)
This entails that angular momentum L “ r2 dφdτ and energy E “
`
1´ 2Mr
˘
dt
dτ are conserved along
geodesics, corresponding to spherical symmetry and time invariance, respectively. The geodesic equa-
tion then gives
1
2
ˆ
dr
dτ
˙2
` V prq “ 1
2
E2 . (35)
Setting θ “ pi2 , the effective potential V prq is given by
V prq “ 1
2
ˆ
` L
2
r2
˙ˆ
1´ 2M
r
˙
, (36)
with  “ `1,´1, 0 for time-like, space-like, and null geodesics, respectively. We look for roots in the
derivative of the effective potential
dV prq
dr
“ M
r2
´ L
2
r2
` 3ML
2
r4
“ 0 .
We only find a solution for L ą 12M2. We have circular orbits at
r˘ “ L
2 ˘?L4 ´ 12M2L2
2M
. (37)
A more detailed derivation can be found in [3].
7.2 Gravitational energy
We use the standard definition of energy and Einstein’s equations to find the energy in a space-time
as
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E “
ż
Σ
d3xT00 “ 1
8piG
ż
Σ
d3xG00 ,
where Gµν is the familiar Einstein tensor and Σ is an achronal surface which covers our entire space.
We perform a weak field approximation by writing gµν “ g¯µν`hµν , where hµν is a perturbation around
our background metric g¯µν , which we set to ηµν . At a linearized level, we have
G00 “ ´1
2
∆
`
δikhik
˘` 1
2
BiBkhik
“ Bi
ˆ
´1
2
Bihkk ` 12Bkh
ik
˙
.
We can then use Stokes’theorem to find
E “ 1
16piG
¿
S28
dSi
`Bkhik ´ Bihkk˘ .
Covariantizing gives
E “ 1
16piG
¿
S28
dSi
`∇khik ´∇ih˘ . (38)
This quantity is know as the ADM mass (energy) of a gravitational system. We look at the ADM
mass for the Schwarzschild metric. We have Bkhik ´ Bihkk “ 4GMr3 xi.
¿
dSixi “
¿
dΩr2nix
i “ 4pir3.
We can then calculate
EADM “ lim
rÑ8
1
16piG
4GM
r3
4pir3 “M . (39)
We thus find that the energy of the Schwarzschild space-time is equal to the mass of the black hole,
as we would naturally expect.
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8 Conformal compactifications and Penrose diagrams
Typical space-time metrics, e.g. R1,3 or Schwarzschild space, are infinite in coordinate extension. This
means that there are boundaries of our space-time at infinite coordinate distance in this coordinate
system. To make such space-times more manageable we perform so-called conformal compactifications,
which is a transformation of our original coordinate system such that:
1. Space-time boundaries typically at infinite coordinate distance are mapped to lines, points, or
hypersurfaces at finite distance
2. The conformal structure is kep intact, in particular, we require that light rays travel at 45 degrees.
8.1 Examples
8.1.1 Two-dimensional flat space R2
We have ds2 “ dx2 ` dy2 “ dr2 ` r2dφ2 with x “ r cosφ, y “ r sinφ, 0 ď r ă 8. We then transform
as r “ tan θ2 , 0 ď θ ă pi. The metric then becomes
ds2 “ 1
4 cos4 θ2
`
dθ2 ` sin2 θdφ2˘ “ fpθq `dθ2 ` sin2 θdφ2˘ “: fpθqds˜2 .
This conformal rescaling allows us to relate the metric of a non-compact space pds2q to the metric of
a compact space pds˜2q. Generally, a conformal rescaling is a coordinate transformation of the form
gαβpxq Ñ g˜αβpxq “ Ωpxq2gαβ . Since it is simply a local rescaling of the metric, the causal structure
remains the same i.e. light rays still travel at 45 degrees. The Penrose map is a combination of a
coordinate transformation that maps infinity to finite coordinate distance and a conformal rescaling.
8.1.2 (1+3)-dimensional Minkowski space R1,3
The p1` 3q-dimensional Minkowski metric is given by
ds2 “ ´dt2 ` dr2 ` r2dΩ2p2q “ ´dudv `
ˆ
v ´ u
4
˙2
dΩ2p2q , (40)
with v “ t` r, u “ t´ r. We now define V :“ arctan v, U :“ arctanu. The range of the coordinates is
´pi2 ă U ď V ă pi2 . We can also define T :“ U`V, R “ V ´U , which then gives |T |`R ă pi, 0 ď R ă pi.
T and R thus cover a triangle i.e. a compact space. We then have
ds2 “ 1
4 cos2 V cos2 U
´
´4dUdV ` sin2pV ´ UqdΩ2p2q
¯
“: 1
4 cos2 V cos2 U
ds˜2
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or
ds˜2 “ ´dT 2 ` dR2loooooomoooooon
flat metric`sin2 RdΩ2p2q
.
This is the metric of the Einstein static universe, its topology is given by IbS3, with I a finite interval.
Figure 5: The conformal diagram of Minkowski space with time-, null-, and space-like coordinate
infinities indicated as explained below. Image adapted from [4].
We have
• i`: Future timelike infinity i.e. t “ 8, fixed r,
• i´: Past timelike infinity i.e. t “ 8, fixed r,
• i0: Spatial infinity i.e. r “ 8,
• I`: Future null infinity i.e. the u “fixed, v Ñ8 asymptotics of outgoing radial null curves,
• I´: Past null infinity i.e. the v “fixed, uÑ ´8 asymptotics of ingoing radial null curves.
We make the following remarks
1. Radial null geodesics i.e. light cones are at ˘45 degrees.
2. All points in the Penrose diagram represent a 2-sphere except i0 and i˘.
3. i0 and i˘ are really points
4. I˘ are null hypersurfaces RxS2
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5. All infinitely extended timelike geodesics begin at i´ and end at i`.
6. All infinitely extended spacelike geodesics begin at i0, are reflected at r “ 0 and come back i0.
7. All infinitely extended null geodesics begin at I´, are reflected at r “ 0, and at I` .
Any time-like geodesic observer will eventually be able to see all of Minkowski space i.e. at i` the
past light-cones of all observers cover all of Minkowski space.The past and future light-cones of any
two events have a non-empty intersection. In particular, any two events in Minkowski were causally
connected at some point in the past. This entails that there is no horizon in Minkowski space. We
will see that this will not be true for the following example.
8.1.3 Two-dimensional Rindler space
We start from the p1 ` 1q-dimensional Minkowski metric given by ds2 “ ´dt2 ` dx2, ´ 8 ă t ă
8, ´8 ă x ă 8. We define x˘ :“ t˘ x and X˘ :“ arctanx˘. This gives the following compactified
metric
ds˜2 “ ´dX`dX´ , pi
2
ď X`, X´ ď pi
2
.
Its conformal diagram is displayed in figure 6, which displays many similarities with the conformal
diagram of the Schwarzschild black hole, to be considered next time.
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Figure 6: The maximally extended conformal (Penrose) diagram of Rindler space with Rindler horizons
at X˘ “ 0 are indicated by H˘ and Rindler wedges indicated by Roman numerals I´IV . The curved
lines indicated by r and r1 indicate locally inertial frames in Minkowski and Rindler coordinates,
respectively. The other symbols have the same meaning as in Minkowski space. Figure adapted from
[5].
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9 Penrose diagrams of charged & rotating black holes
9.1 Penrose diagram for Schwarzschild black hole
As we saw, Penrose diagrams exhibit the causal structure of space-time. Penrose diagrams are found
in two steps:
A) Choose coordinates that map boundaries of space-time to finite coordinate distance.
B) Conformal rescaling of metric i.e. get rid of divergent part of metric, namely, the conformal factor.
We treated Minkowski space R3,1, which is geodesically complete, as well as Rindler space, which is
not geodesically complete. We will now discuss the Penrose diagram of the Schwarzschild space. We
focus on region I i.e. the first outer region of the black hole corresponding to r ą 2M . We transform
pr, tq Ñ pu, vq ; u “ t´ r˚ , v “ t` r˚
Note that ´8 ď t ď 8 and ´8 ď r˚ ď 8. The metric is given by
ds2 “ ´
ˆ
1´ 2M
r
˙
dudv ` r2dΩ2p2q (41)
We have the following null boundaries
I` : u “ finite , v Ñ8 ,
I´ : v “ finite , uÑ ´8 ,
as well as event horizons
H` : uÑ8 , v “ finite ,
H´ : v Ñ ´8 , u “ finite .
We define u “: tan U˜ , v “: tan V˜ , |U˜ | ď pi2 , |V˜ | ď pi2 , which can then be re-expressed in time- and
space-like components as
uk :“ T ´R :“ tan Uˆ , v :“ T `R :“ tan Vˆ .
The coordinates pR, T q are the Kruskal-Szekeres coordinates we encountered before, in which the metric
is expressed as
ds2 “ 32M
3
r
e´r{2M
`
dT 2 ´ dR2˘` r2dΩ2p2q . (42)
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This gives the fully extended Penrose diagram, which has the following regions
1. Region I: Exterior of black hole
2. Region II: Interior of black hole
3. Region III: Parallel universe
4. Region IV : White hole
Figure 7: The maximally extended conformal (Penrose) diagram of the Schwarzschild black hole. The
curved lines indicated by r and r1 indicate locally inertial frames in Kruskal-Szekeres and Schwarzschild
coordinates, respectively. Note the difference with Rindler space indicated in figure 6, namely, the
requirement that r ą 0 ‘cuts off’ the top and bottom halves of regions II and IV , respectively. Figure
adapted from [5].
9.2 Charged and rotating black holes
9.2.1 Reissner-Nordström black holes (charged)
We consider the following action
S “
ż
d4x
?´g
¨˚
˚˝R´ 1
4
gαµgνβFµνFαβlooooooooomooooooooon
matter action
‹˛‹‚ ,
where Fµν is the electromagnetic field strength tensor. The electromagnetic field equations are
BrαFβγs “ 0 and Bµ p?´gFµνq “ ´?´gJν , where Jν is the electromagnetic current which satisfies
Bν p?´gJνq “ 0. By varying the action with respect to the metric, we find that the energy-momentum
tensor is given by
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Tµν “ ´FµαFαν `
ˆ
1
4
FαβF
αβ ´ JαAα
˙
gµν . (43)
For a point-like electric charge, the field strength is given by Frt “ Qr2 , where Q is the electric charge.
The unique closed form solution to Rµν ´ 12gµνR “ 8piGTµν is given by
ds2 “ ´
ˆ
1´ 2M
r
` Q
2
r2
˙
dt2 `
ˆ
1´ 2M
r
` Q
2
r2
˙´1
dr2 ` r2dΩ2p2q . (44)
This is known as the Reissner-Nordström metric, which is characterized by parameters pM,Qq. We
again have a curvature singularity (characterized by diverging Kretschmann scalar) at r “ 0. However,
we now have two horizons, located at r “ r˘ “M˘
a
M2 ´Q2. The metric signatures of the Reissner-
Nordström solution are given by
r ą r` : p´,`,`,`q , r´ ă r ă r` : p`,´,`,`q , r ă r´ : p´,`,`,`q .
From the metric signatures we can see that that time-like geodesics do not necessarily end at r “ 0
since they are forced to move in the direction of decreasing r only for r´ ă r ă r`. The singularity at
r “ 0 forms a time-like line and can thus be avoided, as opposed to uncharged (Schwarzschild) black
holes, where r “ 0 is space-like. The Reissner-Nordström metrix has two important limits
1. Zero charge limit: QÑ 0, where we retrieve the Schwarzschild solution. Then, r` “ 2M and
r´ “ 0.
2. Extremal limit: Q2 “M2, so that r´ “M “ r` .
Since r` “ r´ for the extremal black hole, the signature of the metric is p´,`,`,`q everywhere in
this space-time. The metric is
ds2Extremal “ ´
ˆ
1´ M
r
˙2
dt2 `
ˆ
1´ M
r
˙´2
dr2 ` r2dΩ2p2q . (45)
Hence we see directly that the metric does not change signature at the horizon at r “ M . Extremal
black holes can be coupled to fermions such that it preserves supersymmetry, hence they are often
(somewhat erroneously) referred to as a supersymmetric black holes. M2 “ Q2 is a limiting case in the
sense that we require M2 ě Q2. For M2 ă Q2, we get a naked singularity, thus violating the cosmic
censorship conjecture. That we have a naked singularity can be seen from the fact that the metric is
completely regular for r Ñ 0, while we still have a space-time singularity at r “ 0 . A bound such as
M2 ě Q2 is generally referred to as a BPS-bound, we will return to this point in the lectures on black
holes in string theory.
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10 Rotating black holes and black hole mechanics
In this section, we consider rotating black holes as well as black hole mechanics and start exploring its
similarities with thermodynamics.
10.1 Rotating (Kerr) black hole
So far, we considered spherically symmetric black holes. We will now considera black hole with some
non-zero angular velocity along azimuthal angle φ. The metric will then depend on θ in a non-trivial
way, but it will not depend on φ i.e. it will be axially symmetric.
Remark: A slowly rotating body at large r has the following metric
ds2 “ ds20lomon
non-rotating metric
`4J
r
sin2 θdtdφ
Where J is the angular momentum of the rotating body. We now check that this is reproduced by the
full solution, like we did in the case for the metric of a spherical body at large r. The full solution is
ds2 “´
ˆ
1´ 2Mr
r2 ` a2 cos2 θ
˙
pdu` a sin θdφq2 ` 2 `du` sin2 θdφ˘ `dr ` a sin2 θdφ˘`
` `r2a2 cos2 θ˘ `dθ2 ` sin2 θdφ2˘loooooooooomoooooooooon
dΩ2p2q
, (46)
where, again u “ t´ r ´ 2M log ` r2M ´ 1˘. This solution was found by Kerr in 1963. The fact that it
took almost 50 years since Einstein published his gravitational equations for someone to discover this
solution is probably due to the fact that it has a rather complicated mixing between t and φ. If we
redefine our coordinates as tÑ t´ 2M ş rdrr2´2Mr`a2 , φÑ ´φ´ a ş rdrr2´2Mr`a2 , the metric becomes
ds2 “ ´
ˆ
1´ 2Mr
ρ2
˙
dt2 ´ 4Mar sin
2 θ
ρ2
dφdt` ρ
2
∆
dr2 ` ρ2dθ2 `
ˆ
r2 ` a2 ` 2Mra
2 sin2 θ
ρ2
˙
sin2 θdφ2 ,
(47)
with ρ2 “ r2 ` a2 cos2 θ , ∆ “ r2 ´ 2Mr ` a2 , a “ JM .
We remark on two limits of parameters a and M
1. aÑ 0. Then ρÑ r, ∆ “ r2 ´ 2Mr, this gives the Schwarzschild metric.
2. M Ñ 0. This gives flat Minkowski in so-called oblate spheroidal coordinates.
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The Kerr metric does not depend on t or φ and is invariant under the combination tÑ ´t & φÑ ´φ.
The horizons are located at the points where grr Ñ8 i.e. where ∆ Ñ8. We thus find two horizons,
located at
r˘ “M ˘
a
M2 ´ a2 . (48)
As for the Reissner-Nordström black hole, the metric signature is p`,´,`,`q for r´ ă r ă r`, and
p´,`,`,`q for r ă r´ and r ą r`. We require M2 ě a2 „ M2 ě |J |. If this bound is violated the
solution is again unphysical since we have a naked singularity. The BPS-saturated (extremal) black
hole is given by M2 “ J2.
10.2 Kerr-Newman black hole
We can generalize the Kerr metric to include electric charge Q and magnetic charge P by simply
replacing 2Mr with 2Mr ´ pQ2 ` P 2q. We will set P “ 0 here, as is customary. The result is known
as the Kerr-Newman metric, which is given by
ds2 “´
ˆ
1´ 2Mr ´Q
2
ρ2
˙
dt2 ´ 2a
`
2Mr ´Q2˘2 sin2 θ
ρ2
dφdt` ρ
2
∆
dr2ρ2dθ2`
`
ˆ
r2 ` a2 ` p2Mr ´Q
2qa2 sin2 θ
ρ2
˙
sin2 θdϕ2 . (49)
Where a :“ JM , ρ “ r2 ` a2 cos2 θ, ∆ “ r2 ` a2 ´ 2Mr `Q2. For this metric, we have
dM “ 1
16pi
r` ´ r´
r2` ` a2 dA`
a
r2` ` a2looomooon
ΩH
dJ ` Qr`
r2` ` a2looomooon
Φ
dQ , (50)
where ΩH “ dφdt
∣∣∣∣
r“rH
“ a
r2``a2 can be interpreted as the angular velocity.
10.3 Laws of black hole thermodynamics (mechanics)
We will now compare black hole mechanics with thermodynamics. In particular, we will see during
the next lectures that black holes are an objects with a finite temperature that lose energy via thermal
(Hawking) radiation. We will see that for a classical black hole p~ “ 0q, T “ 0 and there is no radiation.
That black holes emit thermal radiation is thus an inherently quantum-mechanical phenomenon.
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10.3.1 Zero’th law
Recall the definitions of null-hypersurfaces and Killing horizons. Take a set of hypersurfaces tSu i.e.
of 3d achronal submanifolds of 4d space-time characterized by S pxµq “ 0, where S is some function.
A vector field normal to S is given by `µ “ NpxqBµSpxq, where Npxq gives a normalization. A null
hypersurface Σ is then characterized by
`2
∣∣∣∣
Σ
“ `µ`µ
∣∣∣∣
Σ
“ 0 ,
i.e. its normal vector ` is orthogonal to itself. We then consider the Lie derivative, which is the
derivative of a tensor along a vector field. Namely, the Lie derivative tells us how a space-time
tensor field changes when we take an infinetesimal step along a vector field defined in that space-
time. The Lie derivative of the metric along a Killing vector field ξ vanishes i.e. pLξgqµν “ 0, with
pLξgqµν “ ξλBλgµν ` Bµξλgνλ ` Bνξλgµλ. A Killing horizon is then given by a null hypersurface Σ for
which there exists a Killing vector field that is normal to it i.e. for some ξµ “ fpxq`µpxq defined at Σ,
we have ξ2
∣∣∣∣
Σ
“ f2`2
∣∣∣∣
Σ
“ 0. One can show that
ξσ∇σξµ
∣∣∣∣
Σ
“ κξµ ,
where κ is the surface gravity of the black hole. For the Schwarzschild metric, we have κ “ 14M . For
an asymptotically flat space-time, κ gives the acceleration of a static observer at the Killing horizon.
Another useful formula is
κ2 “ ´1
2
`∇αξβ˘ p∇αξβq ∣∣∣∣
Σ
.
A shortcut for computing κ for Schwarzschild goes as follows. Take Euclidean Schwarzschild i.e. let
tÑ iτ (Wick rotation). The metric is then
ds2 “
ˆ
1´ 2M
r
˙
dτ2 `
ˆ
1´ 2M
r
˙´1
dr2 ` r2dΩ2p2q .
This is equivalent to considering our system at finite temperature. The periodicity of τ gives the
temperature. We now examine near-horizon region of black hole by introducing x
2
8M “ r ´ 2M . This
gives
ds2 “ pκxq2dτ2 ` dx2 ` κdΩ2p2q ,
where κ “ 14M . This is the metric of R2 in angular coordinates. τ thus has the periodicity τ „
τ ` 2piκ “: τ ` β, from which we see that β “ T´1 “ 2piκ .
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11 Black hole mechanics and thermodynamics
In the 1970’s, Bekenstein realized that, assuming the second law of thermodynamics holds, a black
hole must carry entropy [6]. This follows from the fact that if we throw an object with some entropy
into a black hole, the entropy of the total system may not decrease, hence the entropy of a black hole
must grow when we throw an object into it. Such thought experiments can be used to derive the laws
of black hole mechanics, which turn out to be profoundly connected to the laws of thermodynamics.
In particular, certain parameters from black hole physics will be seen to correspond to thermodynamic
quantities. We state the laws of black hole mechanics and the corresponding laws of thermodynamics
Law Thermodynamics Black hole mechanics
0 T constant in equilibrium κ “constant
1 δE “ TδS δM “ κ8pi δA` ΩδJ ` ΦδQ
2 δS ě 0 δA ě 0
3 Cannot let T Ñ 0 in a finite number of steps Cannot let κÑ 0 in a finite number of steps
During the next few lectures we will further explore the connection between the laws of thermodynamics
and black hole mechanics.
11.1 First law of black hole mechanics
The first law of black hole mechanics tells us how the mass of a black hole changes with its horizon
area, charge, and angular momentum. It reads
δM “ κ
4pi
δA` ΩδJ ` ΦδQ . (51)
We will show that this is the correct expression for stationary, axisymmetric, and asymptotically flat
space-times. We need our space-time to have these properties so that mass and angular momentum
are well-defined. To find an expression for the mass of a black hole, we first consider the example of
electromagnetism. The electric charge inside a volume V is given by
Q pV q “
ż
V
ρdV “
ż
V
∇ ¨ ~EdV “
¿
BV
~E ¨ nˆdS ,
where nˆ is the normal vector to BV . The covariant generalization of this expression is
Q pV q “
ż
V
dV
?
γ nµj
µ “
ż
V
dV
?
γ nµ∇νFµν “
¿
BV
dS
a
γ˜ nµσνF
µν ,
35
where γ and γ˜ are induced three- and two-dimensional metrics with corresponding unit normals given
by nµ and σν , repectively.
We now consider general relativity. The Komar integral associated to a Killing vector ξ is given by
Qξ pV q “ ´ 1
4pi
¿
BV
dS
a
γ˜ nµσν p∇µξνqµν .
Comparing this expression with that of electromagnetism, we note that ∇µξν “ ´∇νξµ, similar to
Fµν “ ´F νµ. We now use ∇ν∇µξν “ Rµνξν , which holds for any Killing vector ξν , to rewrite
Qξ pV q “ ´ 1
4pi
ż
V
dV
?
γ nµR
ν
µξ
µ .
Remark: If ∇aTab “ 0 i.e. if energy and momentum are conserved, then Tabξb “ 0. From this it
follows that Qξ is a conserved quantity. Hence, the Komar mass i.e. the Komar integral associated
with the time-like Killing vector ξ is
Mξ pV q “ ´ 1
4pi
¿
BV
dS
a
γ˜ nµσν∇µξν , (52)
The mass M is subject to the positive energy theorem, due to Witten & Yau, which reads as follows
If Tab satisfies the dominant energy condition i.e. every observer observes strictly positive energy, then
MADM ě 0, and MADM “ 0 only for Minkowski space-time. The dominant energy condition entails
that Tabua ě 0 for any ua that is a tangent vector to a general future-directed causal curve.
If, instead, we consider axial Killing vector φν “ pBφqν , then the Komar integral gives the angular
momentum
Jφ pV q “ 1
8pi
¿
BV
dS
a
γ˜ nµσν∇µφν . (53)
11.2 Smarr’s formula
We use B to refer to the interior of a black hole, and Σ to refer to the exterior. We assume BB is a
Killing horizon for K “ ξ ´ ΩHφ, where we take into account possible non-zero rotation of the black
hole i.e. ΩH ‰ 0 for Kerr(-Newman) black holes. This gives
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Mk
`
S28
˘ “ ´ 1
4pi
ż
S28
∇µξνdSµν
“ ´ 1
4pi
ż
Σ
RµνK
νdSµ ` 1
4pi
ż
BB
∇µKνdSµν
“
ż
Σ
2 pTµν ´ Tδµν qKνdSµ ` 2ΩHJ ` 14pi
ż
BB
∇µξνdSµν .
Using ξµ∇µξν “ κξν , an expression encountered previously in the discussion of Killing vectors, we can
rewrite the last term in the last expression to find Smarr’s law
M “ ΦQ` 2ΩHJ ` κ
4pi
A , (54)
where Φ is the electromagnetic potential between r “ 8 and r “ 2M . There are two ways to use
Smarr’s law to arrive at the first law of black hole mechanics. We will first derive it via the more
complicated method. Assuming Q “ 0, we have
δM “ 1
4pi
pAδκ` κδAq ` 2 pδΩHJ ` ΩδJq .
We also have ´δM “ 14pi δκ` 2δΩHJ , which one can derive. Combining the two gives the first law of
black hole mechanics
δM “ κ
8pi
δA` ΩδJ . (55)
The alternative derivation of the first law goes as follows. We use the uniqueness theorem, which states
that the surface area of a black hole is a (non-trivial) function of only the mass, angular momentum,
and charge. Since we set Q “ 0, this can be written as A “ ApM,Jq, akin to M “ MpA, Jq. Now
note that A and J are both proportional to the pKomar massq2 from dimensional reasons. We thus
have αM “M `α2A,α2J˘ i.e. MpA, Jq is a homogeneous function of degree 12 . Hence A BMBA ` J BMBJ “
1
2M “ κ8piA` ΩHJ , so that
A
ˆBM
BA ´
κ
8pi
˙
` J
ˆBM
BJ ´ ΩH
˙
“ 0 .
Since A and J are independent, the terms multiplying them in the above expression are both equal to
zero. We thus find
δM “ BMBA δA`
BM
BJ δJ
“ κ
8pi
δA` ΩHδJ . (56)
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12 Black hole thermodynamics
12.1 Previously: Zero’th and first laws
During last lecture, we discussed black hole thermodynamics and mechanics. The zero’th law states
that surface gravity is constant over an event horizon. For our discussion of the first law we considered
Komar quantities. For some surface S ĂM with volume element dSµ with boundary BS with volume
element dSµν and ξ a Killing vector, we have general Komar quantity
Qk “ ´ 1
4pi
ż
BV“S
dS
a
γ˜ nµσν∇µξν . (57)
E.g. for k „ Bt or k˜ „ Bφ, we find the Komar mass or angular momentum, respectively
M “ ´ 1
4pi
ż
S
dS
a
γ˜ nµσν∇µkν ,
J “ ´ 1
8pi
ż
S
dS
a
γ˜ nµσν∇µk˜ν . (58)
The total mass inside some S is then
M “ ΦQ` 2ΩHJ ` κ
4pi
A . (59)
Combining these gives the first law
dM “ κ pM,J,Qq
8pi
dA` Ω pM,J,Qq dJ ` Φ pM,J,Qq dQ , (60)
where Ω is the angular velocity at the horizon, and κ and Φ are the acceleration and electric potential
at the horizon with respect to a stationary asymptotic observer.
12.2 Second law
A natural question concerning black holes is whether there are restrictions on the possible charges,
areas, angular momenta, and masses of black holes for a given set of boundary conditions. This
question is relevant for matter that collapses to a black hole, or generally for dynamical problems. The
answer is that there are indeed restrictions, for example, the BPS-bound gives J2 ďM2, and the same
for Q. Further, we have Hawking’s area theorem, which states that
dA
dt
ě 0 . (61)
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This expression holds assuming that our space is asymptotically flat, we have cosmic censorship i.e.
no naked singularities, and the weak energy condition holds i.e. Tµνvµvν ě 0, where vµ is an arbitrary
time-like vector.
Proof (relies on causality): A causal curve is a curve that is nowhere space-like. We define the causal
past of some surface S as J´pSq :“ tx PM | Ds P S, x ď su, where x ď smeans that the time coordinate
of x is less than or equal to x. The causal future is then defined as J`pSq :“ tx PM| Ds P S, x ě su.
We now consider chronological curves which are defined to be everywhere time-like. The chronological
past and future are then given by I´ :“ tx PM | Ds P S, x ă su and I`pSq :“ tx PM | Ds P S, x ą su.
The boundary of the causal past is BJ´pSq “ J´psq{I´pSq, BJ´pSq is generated by a set of null
geodesics, which are referred to as the null geodesic generators of BJ´pSq. There is a lemma due to
Penrose (1967) which states that in any subset S Ă M , a null geodesic generator of BJ´pSq cannot
have future endpoints on BJ´pSq. In other words, the area of a trapped surface cannot decrease. Since
the event horizon of a black hole is such a trapped surface, Hawking’are theorem follows trivially.
12.2.1 Consequences for coalescing black holes
We consider the limits of mass-energy conversion of a black hole collision (such as observed by LIGO).
Consider two black holes with masses M1 and M2, respectively. They coalesce to form a third black
hole, which has mass M3. During this process, part of the total energy is converted to gravitational
waves; this fraction of the total energy is given by M1 `M2 ´M3. We can then define an efficiency
coefficient η :“ M1`M2´M3M1`M2 “ 1 ´ M3M1`M2 . Black hole surface area is A “ 16piM2, so Hawking’s area
theorem tells us that A3 “ 16piM23 ě 16pi
`
M21 `M22
˘
, hence M3 ě
a
M21 `M22 i.e.
η ď 1´
a
M21 `M22
M1 `M2 “ 1´
1?
2
. (62)
One then easily sees that a single black hole cannot split up into two separate black holes. The
exceptions are BPS black holes, which can freely split up without decreasing total entropy.
12.3 Third law of black hole mechanics
The third law of black hole mechanics states that it is impossible to let the surface gravity κ go to zero
in a finite number of operations. We give this statement without proof, but it can be seen from the
fact that we need to let M Ñ8 or pa2 `Q2 `P 2q ÑM2. We thus need to add an infinite amount of
(BPS-saturated) matter. We thus see that extremal (BPS) black holes cannot be formed continuously
since they have κ “ 0. This is related to supersymmetry, since BPS black holes can be made invariant
under supersymmetry while the non-BPS black holes cannot.
39
13 Black holes and entropy
So far, we have considered the laws of black hole mechanics and briefly discussed their correspon-
dence to the laws of thermodynamics. We now wish to consider the laws of black hole mechanics
as thermodynamical statements. This means that we will define a temperature and an entropy for
our black holes. In thermodynamics, we may consider e.g. the grand canonical ensemble, where the
system is characterized by quantities µ, V, T , nammely chemical potential, volume, and temperature,
respectively. The first law of thermodynamics is then
dE “ TdS ´ pdV ` µdN ,
where p and N are pressure and particle number, respectively. The first law of black hole mechanics is
dM “ κ
8pi
dA` ΩdJ ` ΦdQ .
By comparing the two expressions, we see that ´pdV `µdN is analogous to ΩdJ`ΦdQ, so that κ8pidA
is the entropy term. Moreover, Hawking’s area theorem tells us that dAdt ě 0 which further solidifies the
anology between A and S. The precise relation will involve ~, signalling the importance of quantum
effects. The full expression is Bekenstein-Hawking area law
S “ c
3A
4GN~
. (63)
Hence S diverges for ~Ñ 0. We can rewrite this as
S “ A
4piL2p
„ 1
4pi
A
p10´33q2 .
Where Lp is the Planck length „ 10´33 cm. E.g. for a solar mass black hole with rs „ 3 km, S « 1077.
In statistical physics, entropy is interpreted as information. The von Neumann entropy is given by
S “ ´řn pn log pn, where pn are probabilities satisfying řn pn “ 1. Entropy is related to information
(quantum bits). One naturally wonders what the quantum bits of black holes are i.e. what are
the carriers of black hole information. People have speculated that the quantum bits are somehow
‘distributed’ over the horizon, since S9A. This area law has inspired the principle of holography, which
is the idea that gravitational degrees of freedom are dual to degrees of freedom on a holographic ‘screen’
which has one dimension lower than the gravitational system. An explicit example of holography is
the AdS/CFT correspondence [7], where the gravitational bulk and the holographic screen are the AdS
space and the boundary CFT, respectively.
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14 Hawking and Unruh radiation
We saw that there are striking similarities between thermodynamics and black hole mechanics as
summarized in table 11. These were considered by many to be mere surface similarities, until Hawking
showed that semiclassical black holes emit thermal radiation at inverse temperature β “ 2piκ [8]. That
is, black holes seem to be truly thermodynamic objects which radiate at a well-defined temperature.
However, this immediately poses a problem, as thermal radiation is in a mixed qunatum state, which
means we need a density matrix to describe it. Hence, if a black hole formed out of a pure state
evaporates into mixed thermal radiation, we have a pure-to-mixed state transition, which violates
the unitarity postulate of quantum mechanics. There thus seems to be a conflict between quantum
mechanics and general relativity, which presents perhaps the most important unsolved problem of
contemporary theoretical physics. The remaining sections will look at the origin of this problem as
well as some partial solutions that have been proposed thus far.
To investigate Hawking and Unruh radiation [8] [9] we take a semiclassical approach, which means that
we quantize fields on a classical curved background space-time. A full treatment would include the
back-reaction of quantized fields on the metric, but such calculations are typically very complicated,
if not impossible. Before performing the semiclassical calculation, we can make a simple estimate of
the Hawking temperature by using Wien’s law λ “ ~ckBT . If we then take λ to be the Schwarzschild
radius λ “ rs “ 2GMc2 , we find T “ ~c
3
2kBGM
, which is a factor 4pi larger than the real value. We
see that the temperature goes to zero when ~ goes to zero, signalling that Hawking radiation is a
quantum-mechanical effect. The heuristic picture of Hawking radiation is that we have production
of a particle-antiplartile pair sufficiently close to the horizon that one of the particles passes through
the horizon and falls inward to the singularity. The other particle of the pair is maximally entangled
with the first, and as a consequence it propagates outward to radial infinity. The outward propagating
particles constitute Hawking radiation, at Hawking temperature TH “ ~c38piGMkB . In Rindler space-time
we have Unruh radiation associated to the fact that there is a horizon in Rindler space. We have the
corresponding Hawking radiation in Schwarzschild space-time. In both cases the existence of a horizon
obscures our notion of the vacuum as well as particle number, as we will see below. We first review a
few standard ideas of QFT in Minkowski space.
14.1 Free scalar field in Minkowski space
We have ds2 “ ´dt2 ` d~x2 and S rφs “ ´ 12
ş
d4x
“
ηµνBµφpxqBνφpxq `m2φ2
‰
. The equation of motion
is
B2t φ´∇2φ`m2φ “ 0 .
We perform a Fourier transformation by writing φpt, ~xq “ ş d3~kp2piq3{2 ei~k¨~xφ~kptq, which gives
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:φ~k `
`
k2 `m2˘φ~k “ 0 .
We now perform canonical quantization, using pi pt, ~xq “ Btφ pt, ~xq and promoting φ and pi to operators
φˆ and pˆi. The equal time commutators are then
”
pˆi pt, ~xq , φˆ pt, ~yq
ı
“ i~δ p~x´ ~yq ,
”
φˆ, φˆ
ı
“ 0 “ rpˆi, pˆis . (64)
We make the ansatz that we can write
φˆp~x, tq “
ż
d3~k
p2piq2?2piω
”
v˚~k ptqaˆ´~k ei
~k~x ` v~kptqaˆ`~k e´i
~k~x
ı
, (65)
i.e. that we can split the scalar field into positive and negative frequencies. Plugging this into equation
64 gives
”
aˆ´~k , aˆ
`
~p
ı
“ δ
´
~k ´ ~p
¯
,
“
aˆ´, aˆ´
‰ “ 0 “ “aˆ`, aˆ`‰ , 9vkptqv˚k ptq ´ 9v˚k ptqvkptq “ 2i , (66)
where the last equality of 66 is known as the Wronski condition. We implicitly define the vacuum |0y
in terms of the annihilation operators as aˆ´k |0y “ 0. The mode functions v~k are not completely defined
by the commutation relations. The operators aˆ´~k and aˆ
`
~k
are also not unambiguously defined. The
extra condition we require is that the vacuum is the state of lowest energy of the Hamiltonian, which
is given by
Hˆptq “ 1
2
ż
d3k
”`
9v2k ` ω2kv2k
˘
aˆ`~k aˆ
`
´~k ` h.c.`
`| 9v~k|2 ` ωk|v~k|2˘ ´2aˆ`~k aˆ´~k ` δp3qp0q¯ı ,
here the δp0q gives an infinite contribution to the energy and ωk are the frequencies. The vacuum
expectation value of Hptq is then
A
0
ˇˇˇ
Hˆ
ˇˇˇ
0
E
“
ż
d3~k
`| 9vk|2 ` ωk|vk|2˘ .
The energy density is therefore  “ | 9vk|2 ` ωk|vk|2. A solution of the energy minimization is
vkptq “
c
1
ωk
eiωkt , ωk = frequencies . (67)
We define the annihilation (creation) operators coresponding to positive (negative) frequency modes.
Plugging the solution back into Hamiltonian gives
Hˆptq “
ż
d3kωkaˆ
`
k aˆ
´
´~k .
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The momentum operator is given by pi “ ´ ş d3~xpiBiφ “ ´ ş d3~pp2piq3 ~pap` a´´p, excited states with energy
ωk and momentum ~k are given by aˆ`~k |0y. The Fock space is then spanned by
|n1, n2, . . .y “ 1?
n1!n2! . . .
´
aˆ`~k1
¯n1 ´
aˆ`~k2
¯n2
. . . |0y . (68)
For QFT in flat space, the vacuum, particle numbers, and momenta/energies are all well-defined
quantities. We will see that this is no longer the case for curved spaces.
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15 Quantum field theory in curved space-time backgrounds
15.1 Last time: Minkowski space with free scalar field
The scalar field action is given by S rφs “ ´ 12
ş
d4x
“
ηµνBµφBνφ`m2φ2
‰
. We promote the field φpt, ~xq
to an operator φˆpt, ~xq with associated creation and annihilation operators, which we can then make
time-dependent as
aˆ`~k Ñ aˆ`~k ptq :“ eiωktaˆ`~k
aˆ´~k Ñ aˆ´~k ptq :“ e´iωktaˆ´~k
,.-Dispersion relation: ω~k “ c|~k| , m “ 0 .
The vacuum state |0M y is implicitly defined by aˆ´~k |0M y “ 0, the Fock space is given by
|n1, n2, . . .y “ 1?
n1!n2! . . .
´
aˆ`~k1
¯n1 ´
aˆ`~k2
¯n2
. . . |0M y .
Remarks
1. The vacuum energy is divergent as E0 “ ř~k 12ω~k, E0V ş d3~kp2piq3 12ωk „ ş dkk3. We thus introduce
a UV cut-off kmax „ MPlanck so that E0V « MPlanckV « 1094g{cm3. The cosmological constant
would then be Λ «M4Planck, which is much higher than the observed cosmological constant which
corresponds to E0V « 1055g{cm3. This is referred to as the cosmological fine-tuning problem, which
is one of the main open problems in contemporary theoretical physics.
2. In Fock space language, the out-states are related to in-states by a scattering (S-) matrix as
|outy “ S |iny. In QFT, we require S to be unitary. We will see that a black hole appears to give
rise to non-unitarity. In Minkowski space, |0yin „ |0yout. We will see that this changes when we
go to curved space-times, where the in-states (out-states) are defined on I´ (I`)
3. Poincaré transformations act as φˆpt, ~xq Ñ φ1pt1, ~x1q e.g. for a Lorentz boost, ~k~x´ωt “ ~k1~x1´ω1t1.
This induces a´~k Ñ b´~k1 » a´~k and |0M y “ |01M y. This means that all inertial observers in
Minkowski space will agree on the number of particles in Minkowski space, i.e. QFT in flat space-
time has unambiguously defined vacuum and particle states. This will be markedly different when
we go to curved space-times.
In the context of general relativity there is no preferred coordinate system. Hence, if one observer
sees well-defined particles with respect to a set of positive and negative frequency modes a` and
a´, respectively, another observer will generally see a different number of particles corresponding to
new modes b` and b´. We will also see that |0ya ‰ |0yb i.e. different observers will have different
corresponding vacuum states. In general, b-modes are related to a-modes by Bogoliubov transformations
i.e. ak “ c1b´k ` c2b`k , c1, c2 P C.
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In curved space-time, we have squeezing and rotation of light-cone as a consequence of varying grav-
itational potential, as well as x Ø t when we cross horizon. This indicates that we will mix positive
and negative frequency modes. This is relevant in two instances:
1. Accelerated observers in Minkowski space-time, who encounter a phenomenon called the Unruh
effect.
2. Curved space-time, in particular black holes. Here we will see the Hawking effect, the curved
space analogue of the Unruh effect.
This discussion also applies in cosmology e.g. the FLRW space-time and particle-antiparticle creation
at the big bang. The relevant ground state here is the so-called Bunch-Davies vacuum.
15.2 Unruh effect
We start from two-dimensional Minkowski space, with inertial observer corresponding to the metric
ds2 “ ´dt2 ` dx2. We now go to Rindler space with velocity uαpτq “ dxαdτ “
` 9tpτq, 9xpτq˘ and constant
acceleration a given by aα “ 9uα. Again, we will see that the notion of particles and the definition
of positive and negative frequency modes depends on the observer. Namely, for the inertial observer,
the modes are defined with respect to t, while for the accelerated (co-moving) observer, the modes are
defined with respect to τ . We will denote the latter observer by ξ0. We now compare in 3 steps:
1. Determine the trajectory of the accelerated observer
2. Define a new accelerated coordinate system, which is co-moving with respect to the accelerated
observer. We will refer to these coordinates as Rindler coordinates.
3. Solve the wave equation of the scalar particle in both coordinate systems and compare corre-
sponding vacua and modes.
These steps are performed in the following fashion:
1. We go to light-cone coordinates given by u “ t ´ x, v “ t ` x, so that ds2 “ ´dudv. For
a Lorentz boost, our light-cone coordinates transform as u Ñ u1 “ αu, v Ñ v1 “ 1αv. The
trajectory of the accelerated observer is given by upτq “ ´ 1ae´aτ , vpτq “ 1aeaτ corresponding to
tpτq “ v`u2 “ 1a sinh aτ , xpτq “ 1a cosh aτ .
2. The Rindler coordinates u˜, v˜ are then implicitly defined by u “ ´ 1ae´au˜ , v “ 1aeav˜. Then
ds2 “ ´dudv “ ´eapv˜´u˜qdu˜dv˜ “ ´e2aξ1
´
´ `dξ0˘2 ` `dξ1˘2¯, where ξ0 “ u˜`v˜2 , ξ1 “ u˜´v˜2 .
However, pξ0, ξ1q is not a complete coordinate system i.e. it does not cover all of Minkowski
space. We refer to figure 6, where the curve indicated by r1 has constant ξ1.
3. We now introduce quantum fields on our space-time. We will see that we will find different
particle numbers for different observers. t and ξ0 are related in a non-trivial way, which implies
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that positive frequency modes with respect to t will be a superposition of positive and negative
frequency modes with respect to ξ0.
Consider again the scalar field action
S rφs “ ´1
2
ż
d2x
?´g gαβBαφBβφ .
Conformal transformations, i.e. transformations of the form gαβ Ñ g˜αβ “ Ω2pxqgαβ , leave our action
invariant. This is easy to see since
?´g˜ “ Ω2?´g, g˜αβ “ Ω´2gαβ . Hence, we can see that going to
Rindler space i.e. to coordinates pξ0, ξ1q simply corresponds to a conformal rescaling. We have
S “ ´2
ż
dudv BuφBvφ “ ´2
ż
du˜dv˜ Bu˜φBv˜φ .
The field equations are thus given by BuBvφ “ 0 “ Bu˜Bv˜φ, which is solved by
φpu, vq “ Apuq `Bpvq , φpu˜, v˜q “ A˜pu˜q ` B˜pv˜q .
The modes that make up Apuq (Bpvq) is referred to as right-moving (left-moving). In the following we
will focus on the right-moving modes. In Minkowski space, φpuq „ e´iωu “ e´iωpt´xq, while in Rindler
space we have φpu˜q „ e´iΩu˜ “ e´iΩpξ0´ξ1q. Namely, ω is the Minkowski frequency and Ω is the Rindler
frequency. We consider the domain where x ą |t|, corresponding to the Rindler wedge where both our
Rindler and Minkowski coordinates are well-defined. We thus have
φˆ “ Apuq “
ż
dω
p2piq1{2
1?
2ω
`
e´iωuaˆω´ ` eiωuaˆω`
˘ “ ż dωp2piq1{2 1?2Ω
´
e´iΩubˆ´Ω ` eiΩubˆ`Ω
¯
“ A˜pu˜q . (69)
This is easy to see since the definition of our quantum field cannot depend on our choice of coordinate
system. We have two sets of modes with commutation relations
“
aˆω´ , aˆ
`
ω1
‰ “ δ `ω ´ ω1˘ (Minkowski) and ”bˆ´Ω , bˆ`Ω1ı “ δ `Ω´ Ω1˘ (Rindler) .
Correspondingly, we have two vacua, |0M y and |0Ry, which satisfy
aˆω´ |0M y “ 0 “ bˆ´Ω |0Ry .
Next time we will compare these two vacua and derive the Unruh effect.
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16 Unruh and Hawking effects
We express a quantum scalar field in Minkowski and Rindler space as
φˆ “
ż 8
0
dω
p2piq1{2
1?
2ω
“
e´iωuaˆω´ ` eiωuaˆω`
‰ “ ż 8
0
dΩ
p2piq1{2
1?
2Ω
”
e´iΩu˜bˆ´Ω ` eiωu˜bˆ`Ω
ı
In Minkowski space, u are light-cone coordinates, ω are frequencies, aˆω` , aˆω´ are creation and annihi-
lation operators, |0M y is the vacuum. u˜ and Ω are the coordinates and frequencies for Rindler space,
which has |0Ry as its vacuum state. We are naturally led to ask what is the ‘correct’ or ‘true’ vacuum.
The answer is that different observers have different vacuum states, hence there is no single ‘true’
or otherwise preferred vacuum state. For example, if a particle detector (observer) is accelerated, its
correct vacuum is |0Ry, if it is not being accelerated the correct vacuum is |0M y. With respect to |0Ry,
|0M y contains infinitely many excited states. We now calculate the relation between |0M y and |0Ry i.e.
between a˘ and b˘. We use the ansatz that they are related by a Bogoliubov transformation, which is
of the form
bˆ´Ω “
ż 8
0
dω
“
αΩωaˆω´ ´ βΩωaˆω`
‰
.
Note that there does not exist an inverse Bogoliubov transformation since Rindler space covers only
half of Minkowski space. From the commutation relations for bΩ, we find
ż 8
0
dω pαΩωαΩ˚1ω ´ βΩωβΩ˚1ωq “ δ
`
Ω´ Ω1˘ .
This leads to 1?
ω
e´iωu “ ş8
0
dΩ1?
Ω1
´
αΩ1ωe
´iΩ1u˜ ´ βΩ˚1ωeiΩ
1u˜
¯
. Multiplying this with e˘iΩu˜ and integrat-
ing over frequencies Ω gives
αΩωpβΩωq “
ż 8
´8
e˘iωu`iΩu˜du˜ “ ˘ 1
2pi
c
Ω
ω
ż 8
´8
p´auq´iΩa´1e¯iωudu
“ ˘ 1
2pi
c
Ω
ω
exp
ˆ
iΩ
a
ln
ω
a
˙
Γ
ˆ
´ iΩ
a
˙
(70)
and
|αΩω|2 “ e2piΩ{a|βΩω|2 , (71)
where a is the acceleration. We now go to the Rindler frame i.e. the accelerated observer and we
compute the occupation number of Rindler states in the Minkowski vacuum. The expectation value
of the occupation number, NˆΩ “ bˆ`Ω bˆ´Ω , is
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xNˆΩy “
A
0M
ˇˇˇ
bˆ`Ω bˆ
´
Ω
ˇˇˇ
0M
E
“
B
0M
ˇˇˇˇż
dω
“
αω˚Ωaˆω` ´ βω˚Ωaˆω´
‰ ż
dω1
“
αω1Ωaˆ
´
ω1 ´ βω1Ωaˆ`ω1
‰ˇˇˇˇ
0M
F
“
ż
dω|βΩω|2 . (72)
Normalization condition with Ω “ Ω1 is then given by
ż
dω
`|αΩω|2 ´ |βΩω|2˘ “ δp0q . (73)
Hence
xNΩy “
„
exp
ˆ
2piΩ
a
˙
´ 1
´1
δp0q . (74)
This is divergent due to δp0q, which signals that we are considering a space of infinite volume. We
compute instead the particle density, which is given by
nΩ “ xNΩy
V
“ 1
exp
`
2piΩ
a
˘´ 1 . (75)
Where V is the volume of our space-time. This expression gives the massless particles detected by an
accelerated observer in the Minkowski vacuum. We see that it obeys Bose-Einstein statistics, which
shows that it corresponds to a thermal bath at temperature
TUnruh “ a
2pi
. (76)
Reintroducing the constants that we previously set to zero gives
TUnruh “ ~a
2pikBc
. (77)
We see that the Unruh temperature goes to zero if we let ~ go to zero, signalling its quantum-mechanical
origin. If we take a « cmicrometer , Tunruh « 2K i.e. the Unruh temperature is typically very low and
thus Unruh radiation is very hard to detect.
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16.1 Hawking Radiation
A famous result due to Hawking states that black hole emit a thermal spectrum of particles. Hawking
radiation, which was discovered before Unruh radiation, was rather unexpected, since it was previously
believed that particles can only be produced in non-static gravitational fields. We will see that particles
with positive and negative frequencies can be produced near the horizon of a static black hole. We do
not go through this derivation in great detail since it is similar to that of Unruh radiation. Indeed, by
the equivalence principle, inertial and gravitational acceleration are locally indistinguishable, so that
the corresponding particle creation should be locally indistinguishable as well.
The first coordinate system is the Schwarzschild space-time in tortoise coordinates. These contain a
coordinate singularity at the horizon. These coordinates are analogous to the Rindler coordinates in
the derivation of the Unruh effect. The quantity analogous to the Rindler acceleration a is the surface
gravity κ, which is the acceleration at the event horizon with respect to an asymptotic observer. The
tortoise coordinate is given by r˚prq “ r` rs ln
´
r
rs
´ 1
¯
, with rs “ 2M , the Schwarzschild radius. We
see that r˚ Ñ8 for r Ñ rs i.e. we are considering one external region of the black hole corresponding
to a single Rindler wedge. The coordinate range is rs ď r ď 8 corresponding to ´8 ď r˚ ď 8. Going
to light-cone coordinates u˜ “ t ´ r˚ and v˜ “ t ` r˚, the two-dimensional tortoise coordinates are of
the form
ds2r˚ “ ´
ˆ
1´ rs
rpu˜, v˜q
˙
du˜dv˜ . (78)
This is conformally equivalent to a flat metric. We see that it is singular at r “ rs, hence these
coordinates only cover region I.
The other coordinate system are the Kruskal-Szekeres (KS) coordinates, corresponding to a free falling
observer. These coordinates are non-singular at the horizon, hence a locally inertial observer in these
coordinates should not notice anything special at the horizon. This coordinate system is analogous
to the Minkowski coordinates for the Unruh effect, since they cover all four coordinate wedges of
Rindler or Schwarzschild space and are non-singular everywhere except at r “ 0. We go to coordinates
u “ ´2rs exp
´
´ u˜2rs
¯
, v “ 2rs exp
´
v˜
2rs
¯
, which gives the following metric
ds2KS “ ´ rsrpu, vq exp
„
1´ rpu, vq
rs

dudv . (79)
This metric is also conformally equivalent to a flat metric, so that it is regular at r “ rs and covers
coordinate wedges I ´ IV . We now introduce the 2-dimensional scalar field theory action
S rφs “ ´1
2
ż
gαβBαφBβφ?´gd2x . (80)
Note that this action is conformally invariant. We can expand in both bases, giving φ pu˜, v˜q “ φpu, vq.
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φ pu˜, v˜q corresponds to the Boulware vacuum |0By with corresponding creation and annihilation opera-
tors, bˆ´Ω and bˆ
`
Ω , while φpu, vq corresponds to Kursal-Szekeres vacuum |0KSy and operators aˆω´ , aˆω` . We
use similar notation to the one we used for the Unruh effect to signal that the Boulware vacuum |0By is
analogous to the Rindler vacuum and Kruskal-Szekeres vacuum |0KSy is analogous to the Minkowski
vacuum.
Consider an observer, A, at constant r˚ i.e. constant r, which corresponds to the accelerated Rindler
observer, and another observer, B, at non-constant r˚ which is an inertial observer. What is the particle
spectrum seen by A in the Kruskal-Szekers vacuum |0KSy? Analogous to our previous computation,
we find that
xNˆΩy “
A
0KS
ˇˇˇ
bˆ`Ω bˆ
´
Ω
ˇˇˇ
0KS
E
“ 1
exp
`
2piΩ
κ
˘´ 1δp0q . (81)
We thus find a thermal spectrum at Hawking temperature
TH “ κ
2pi
“ 1
8piM
“ ~c
3
8piGkBM
. (82)
Where we introduce all constants of nature at the last equality. Note again that T Ñ 0 when ~ Ñ
0, signalling the quantum-mechanical mechanical origin of Hawking radiation as it did for Unruh
radiation.
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17 Information loss paradox
The results of the last few lectures can be summarized as follows:
Phenomenon: Unruh effect Hawking radiation
Origin: Accelerated coordinate systems Gravitational background of a black hole
Vacuum of full space: |0M y |0KSy
Vacuum of wedge: |0Ry |0By
Temperature: a = acceleration κ = surface gravity
Coordinates: u “ ´a´1e´au˜, v “ ´a´1eav˜ u “ ´κ´1e´κu˜, v “ ´κ´1eκv˜
Hawking and Unruh radiation are found by calculating the occupation number
@
0
ˇˇ
b`Ωb
´
Ω
ˇˇ
0
D “ „expˆ2piΩ
apκq
˙
´ 1
´1
δp0q ,
where b`Ω , b
´
Ω are the Boulware (Rindler) modes and |0y is the KS (Minkowski) vacuum.
Remarks:
1. For a black hole in thermal equilibrium with an external heat bath with temperature TH , the
black hole emits and absorbs particles at the same rate.
2. For a black hole in empty space, the black hole only emits particles, hence it will evaporate,
δM ă 0, and it disappears within finite time.
3. Recall that dM “ 18piM d
`
A
4
˘ “ THdS, where TH “ ~ κ2pi , so that S “ A4~ ~Ñ0ÝÝÝÑ 8.
Hawking radiation is thermal, which signals the loss of information regarding the initial matter state
that formed the black hole. For example, presume a black hole is formed from highly energetic muons,
schematically, as µ`µ´ Ñ‘black hole’Ñ‘gravitons+electrons+photons+etc’. This schematic process is
meant to show that we completely lose information about the fact that the black hole here was formed
by muons, since the emitted Hawking radiation consists of many different particles. More precisely, in
quantum mechanics, we have a time evolution operator which we write as Sptq “ exp ` iHt~ ˘, where H
is our Hamiltonian. In the context of QFT, S is referred to as the S-matrix. If we know |ψpt0qy, then
|ψptqy “ Sptq |ψpt0qy. We can generalize this using the quantum density matrix, which we can write as
ρˆ “
ÿ
i
ci |ψiy xψi| . (83)
with |ψiy P H, ci P C, and trρˆ “ 1. When ρˆ2 “ ρˆ, ρˆ describes a pure state. For ρˆ2 ‰ ρˆ, ρˆ
describes a mixed state. Hawking asserted that due to the thermal nature of Hawking radiation, the
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outgoing particles are always described by a mixed state. Namely, the corresponding density matrix
is ρH “ řn e´βEn |ny xn|, where |ny are energy eigenstates with energy En. Hence, we seem to go
from a pure state to a mixed state, which signals that we break unitarity. Hawking thus introduced
the non-unitary dollar matrix [10], which relates ρfinal to ρinitial as ρfinal “ $ρinitial, as an ad hoc
non-unitary substitute for the usual S-matrix.
17.1 Possible solutions to the information problem
Solutions to the information loss paradox that can be found in the literature include:
1. Black holes violate quantum mechanics. This claim isno longer very popular.
2. Information stays inside the black hole. This requires one to stop Hawking radiation artificially
so that black hole remnant remains, since Hawking temperature increases when the black hole
shrinks. This is not generally considered very plausible.
3. Information goes somewhere else, e.g. region II or some (other) parallel universe.
4. Quantum mechanics is ok - Information comes out with the Hawking radiation. This is typically
considered most plausible, hence we will make a few remarks on this possibility.
So far, we did not consider the back-reaction of infalling matter on the black hole. Furthermore, we
did not treat gravity quantum-mechanically. One may hope that taking these effects into account
will restore black hole unitarity. This would entail that the Hawking quanta are not truly thermal.
Another possibility is that the information is stored on the horizon, so that the microscopic details of
Hawking radiation are determined by a holographic principle. The most explicit holographic principle
know to date is the AdS/CFT correspondence, which states that the gravitational AdS bulk is dual
to a non-gravitational conformal field theory (CFT) at the boundary of the AdS space. Since CFT’s
undergo unitary time evolution, so should the corresponding AdS spaces, even when they contain a
black hole.
Another proposed (partial) solution is called black hole complementarity, which in turn gave rise to
the firewall paradox. Another proposed picture is the so-called fuzz-ball, and yet another picture is the
idea that a black hole is a graviton condensate at the quantum critical point. We will now comment
on black hole complementarity and the firewall paradox.
17.1.1 Black hole complementarity (Susskind, Thorlacius, ’t Hooft)
According to black hole complementarity, information is simultaneously reflected and passed through
the horizon. The reflected information can be perceived by the outside observer, while the information
that passes through can be perceived by the freely falling observer, but no single observer can confirm
both pictures at the same time. This gives rise to the notion of the textitstretched horizon [11], which
is a thin ‘membrane’ with a thickness of the order of one Planck length. According to the external
observer, the infalling and reflected information gets ‘heated up’ at the horizon, yet the infalling
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observer does not see anything special. This picture requires entanglement between the infalling and
reflected information.
17.1.2 Firewall paradox
In 2012, the AMPS (Almheiri, Marolf, Polchinski, Sully) paper was published [12], which is nicely
reviewed in [13]. AMPS pointed out a flaw in black hole complementarity. They argued that the
following three statements cannot be simultaneously true.
1. Hawking radiation is in a pure state.
2. Information is emitted from a region (e.g. the stretched horizon) near the horizon, where an
efective description of gravity in terms of GR is correct.
3. Infalling observer encounters nothing special when crossing the horizon.
The proposed solution by AMPS is to give up the third statement i.e. the infalling observer will be
‘burned’ at the horizon, hence this is known as the firewall paradox.
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18 Solitons in String Theory
The next few sections consider the construction of the Tangherlini black hole in string theory as
first done by Strominger and Vafa [14]. We will look at the construction of D- and p-branes, the
compactification of superstring theories, and the construction of black holes from charges associated
to the branes. Using a stringy version of the electromagnetic duality, we can express the black hole
entropy in terms of both the event horizon area and the number of microstates. We will see that
the entropy is given by S “ A4 “ ln Ω, where A is the event horizon area and Ω is the number of
microstates, which shows the statistical origin of the entropy of stringy black holes. These sections are
based on the review found at [15].
18.1 Review of electrodynamics in Minkowski space
The vacuum Maxwell’s equations are
dp˚F q “ 0 ,
dF “ 0 . (84)
Where F is the field strength in form notation and ˚F is its Hodge dual. Generally, the Hodge dual
of an (r-d)-form ωµ1µ2...µr´d is given by p˚ωqµ1µ2...µr “
?´g
r!pr´dq!
µr`1...µd
µ1...µr ωµr`1...µd . We then have
d ˚F “ ˚je, where je is the electromagnetic current. We denote ˚F as F˜ , following standard notation.
We have the following expression for the electric charge
e “
¿
S2
d~n~E “
¿
S2
˚F “
ż
B3
d ˚ F “
ż
B3
˚je .
The expression dF “ 0 is known as the Bianchi identity. This is an identity since we can write
F “ dA, where A is the electromagnetic field in form notation. The Poincaré identity then tells us
that dF “ d2A “ 0. Electromagnetism in form notation allows us to easily define a magetic current
and charge as follows. We have dF “ jg; F “ 2dA` ω, where d ˚ ω “ 0 and dω “ jg, where jg is the
magnetic current. We then define magnetic charge as
g “
ż
BM
F “
ż
M
jg . (85)
Where M is some three-dimensional volume in our (3+1)-dimensional Minkowski space. We still
have the gauge freedom given by A Ñ A ` dΛ, where Λ is a 0-form i.e. a scalar. We are now
going to use these techniques in higher-dimensional spaces, particularly for solitonic solutions in string
theory. We will be considering d-dimensional spaces and (p+1)-form potentials of the form App`1q “
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Aµ1...µp`1dx
µ1^¨ ¨ ¨^dxµp`1 . We then have gauge freedom App`1q Ñ App`1q`dΛppq, our field strength
is of the form F pp`1q “ pp` 2qdApp`1q ` ωpp`2q. The ω-term is typically absent in electromagnetism,
except when we introduce magnetic charges by hand. The charges corresponding to F and ˚F are
given by
e “
ż
M
˚jpd´p´1qe , g “
ż
M˜
jpp`3qg . (86)
WhereM and M˜ are (d-p-1)-dimensional and (p+3)-dimensional subspaces, respectively. In analogy
with classical electromagneticm, we assume the charges that give rise to ˚jpd´p´1qe to be localized in p
spatial dimensions. The magnetic objects corresponding to jg extends d´ p´ 4 dimensions.
18.2 Dirac quantization
If we have take an electric charge along some path that encloses a magnetic charge, the phase of the
wave function has to change by 2pin, n P Z. This means that
eg “ 2pin ñ e “ 2pin
g
. (87)
That is, we see that the electric charge is quantized due to the presence of a magnetic charge.
To summarise, the form degree of the potential gives us the dimension of the electric object. From
this, we can obtain the dimension of the magnetic object, that is, F˜ pd´p´2q “ dA˜pd´p´3q, so that we
see that out magnetic object is pd´p´3q-dimensional. We will now apply these ideas to string theory.
18.3 Supergravity and p-branes
We present the massless degrees of freedom of the following superstring theories in a table:
Model Potential Field strength pe pm
Het., IIA, IIB Bp2q “ Ap1`1q H Fundamental string 5 (NS5-brane)
IIA Ap1q, Ap3q F p2q, F p4q D-particle, 2-brane 6-brane, 4-brane
IIB Ap0q, Ap2q, Ap4q F p1q, F p3q, F p5q 1-brane , D-string, 3-brane D7, D5, 3-brane
M-theory Ap3q F p4q M2-brane M5-brane
We try to find solutions to the field equations corresponding to the SUGRA action, corresponding to
the massless degrees of freedom of the superstring theories listed above
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SEeff “ 12K2
ż
d10x
a
´GE
ˆ
R
`
GE
˘´ 1
2
∇µΦ∇µΦ´
ÿ 1
2n!
eaΦFµ1...µnFµ1...µn ` fermionic part
˙
.
(88)
Here, R
`
GE
˘
corresponds to the graviton and Φ is the dilaton. We have a “ ´1, n “ 3 for the
universal (NS-NS) sector, and a “ 5´n2 for the RR-sector. From now on, we will ignore the
ř
n-term
in the action and consider only one term in the sum. This gives the following equations of motion
δGEµν : R
E
µν “ 12BµΦB
µΦ` 1
2pn´ 1q!e
aΦ
ˆ
Fµρ1...ρn´1F
ρ1...ρn´1
ν ´ n´ 1npd´ 2qF
2Gµν
˙
,
δΦ : BµBµΦ “ a
n!
eaΦF 2 . (89)
We make the ansatz that xµ with µ P t0, . . . , pu are the coordinates of (p+1)-dimensional charged
objects that are invariant under the Poincaré group P p1, pq, and yM with M P tp ` 1, . . . , d ´ 1u are
coordinates of a space with an SOpd´ p´ 1q isometry. We then define r “: ayMyM . We then make
the ansatz that the metric is of the form
ds2 “ e2Aprqdxµdxµ ` e2BprqdyMdyM . (90)
Where the µ and M -contractions are performed with a flat metric. We then make the ansatz that the
field trength is of the form
F eMµ2...µn “ µ2...µnBMeCprq . (91)
Plugging this into the equations of motion gives
e2Aprq “ Hprq ´4d˜∆pd´2q ,
e2Bprq “ Hprq ´4d∆pd´2q ,
e2Cprq “ 2?
∆
Hprq´1 ,
eΦprq “ pHprqq 2aζ∆ ,
BMBMHprq “ 0 . (92)
We then introduce sources to find non-trivial solutions to the last equation. These are of the form
Hprq “ 1 ` α
rd˜
, α ą 0. The symbols in the above expressions are d˜ “ d ´ p ´ 3, ∆ “ a2 ` 2pp´1qd˜2 ,
ζ “ ˘1, with `1 for the electric solution and ´1 for the magnetic solution, and α fixed by the charge
for the electric solution and α “ g
?
∆
2d˜
for magnetic solutions.
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To summarise, we found solutions to the low energy effective field theory of string theory. They are
extended and carry charges and mass. Additionally, they are BPS-saturated, which entails that there
is some residual supersymmetry for these particular solutions. We will use this later to count the
number of states.
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19 Brane solutions
19.1 Explicit examples of solitonic solutions to type II SUGRA: p-branes
In the (NS,NS)-sector, we have the explicit solution given by the fundamental string for d “ 10, n “ 3
ds2E “
´
1` α
r6
¯´3{4
dx2µ `
´
1` α
r6
¯1{4
dy2n , e
Φ “
´
1` α
r6
¯´1{2 „ gs . (93)
NS5-brane with n “ 7
ds2E “
´
1` α
r6
¯1{4
dx2µ `
´
1` α
r6
¯3{4
dy2n , e
Φ “
´
1` α
r6
¯1{2 „ 1
gs
. (94)
Here, n is the dimension of the field strength tensor under consideration. The fact that we have r6
comes from the fact that the codimension of the object under considertaion is 6. These objects are
dual to each other, as we can see from the string couplings for the two objects, namely, gs and 1gs ,
respectively. For the 3-brane, we have n “ 5 i.e. the object is self-dual. The corresponding metric is
ds2E “
´
1` α
r4
¯´1{2
dx2µ `
´
1` α
r4
¯1{2
dy2n , e
Φ “ 1 . (95)
Lastly, the 5-brane has the same metric as the NS5-brane, given above, but with Φ “ 1ΦNS5 .
19.2 D-branes
For the remainder of this lecture, we will consider D-branes, which are originally introduced as Dirichlet
boundary conditions for open strings. Dirichlet boundary conditions are given by
δXi
∣∣∣∣
σ“0,pi
“ 0 .
This is necessary for open string to be consistent with T-duality, as we will discuss later. From
T-duality, we will see that
Xi
∣∣∣∣
σ“0,pi
“ c, for some c P C .
In general, we call the following set-up a Dp-brane (where p indicates the spatial dimensionality of the
brane). We have Neumann boundary conditions in p dimensions i.e.
BσXµ
∣∣∣∣
σ“0,pi
“ 0 , µ “ 0, . . . , p ,
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and Dirichlet boundary conditions in d´ p dimensions i.e.
δXi
∣∣∣∣
σ“0,pi
“ 0 , i “ p` 1, . . . , d .
It may seem as if the D-branes are rigid objects, but we will see during the remainder of the lecture
that this is not the case. We will see that they are dynamical objects with a tension Tp „ 1{gs. Hence,
at gs ! 1, Tp " 1, so that the D-branes appear static. At gs " 1, the opposite is true, and it will be
easy to see the dynamics of the D-brane, which hints at the fact that D-branes are indeed solitonic
(non-perturbative) objects in our string theory.
19.3 T-duality for the closed string
We compactify our string theory on a circle or torus, and look at the spectrum of our theory. If
we consider compactification on a circle of radius R, we know that the spectrum is classified by
pmomentum, winding numberq “ ` nR ,m˘ , m, n P Z. One can show that this theory is dual to a
theory compactified on a circle with radius α
1
R and a pectrum classified by
`
m, nR
˘
vie T-duality. Note
that momentum and winding number are exchanged under T-duality, which maps XR to ´XR and
XL to XL.
19.4 T-duality for the open string
For the open string, we cannot define a meaningful winding number, hence we have only momentum.
Via T-duality, we map to a theory without momentum and with only winding number, since we fix
the end-points of our open string. We again map XR to ´XR and XL to XL. For the open string, we
also exchange von Neumann and Dirichlet boundary conditions. A general feature of T-duality along
one of the dimensions of our Dp-brane, we go from a Dp-brane to a D(p-1)-brane, whilst if we perform
T-duality along one of the dimensions normal to the Dp-brane, we go to a D(p+1)-brane.
19.5 Massless spectrum of open string
The massless states are those without winding. One can show that these are given by αµ´1 |0y and
α9´1 |0y. αµ´1 |0y correspond to Up1q-gauge bosons in (8+1)-dimensional target space, while α9´1 |0y
corresponds to a scalar in target space. Generalizing this to higher-dimensional tori, the massless states
will correspond to Up1q-gauge boson in pp ` 1q dimensions and p9 ´ pq scalars in pp ` 1q dimensions,
which describe the position of the Dp-brane. Since these states do not have any momentum orthogonal
to the D-brane, we can see that the gauge theory lives on the world volume of the D-brane. Due to
supersymmetry, the gauge bosons share their multiplet with a scalar and a spinor.
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19.6 Generalization to several D-branes
We now extend to a situation where we have N D-branes, N P N, we will see that this will give rise to
supersymmetric Yang-Mills theories. Namely, if one associates a charge to the end of our open strings,
one can show that the string scattering satisfies a super Yang-Mills algebra. The charges are referred to
as Chan-Paton factors. This introduces a non-abelian structure from which one can find a non-abelian
gauge potential. Namely, we will find a gauge field A9 of the form A9 “ 12piRdiagpθ1, θ2, . . . , θnq, where
θi P R. Introducing a gauge connection changes our canonical momentum and the bosonic field in the
compactified dimension as
p “ n
R
` θj ´ θi
2piR
, X9pi,jq “ pσ, τq “ Cpi,jq “ `
ˆ
2L` θj ´ θi
pi
˙
RDσ ` oscillators .
Setting Cpi,jq “ θiRD, we haveX9pi,jq “ 2piLRD`θjRD. Since D-branes break P p1, 9q, i.e. the Poincaré
group of R1,9, they also break 10d SUSY.
19.7 Dynamics of D-branes
We will see now that D-branes are in fact dynamical, as they interact with closed and open strings,
they couple to gravity, the dilaton, and RR-fields, and they fluctuate in position and shape. The
perturbative degrees of freedom are the open strings. We consider two D-branes with a closed string
propagating between them, following a calculation done by Polchinski. Depending on how we choose
our time direction, this process can either be seen as an open string vacuum amplitude, or a closed
string exchange. Matching the amplitudes for these processes is expressed as
A
0
ˇˇˇ
e´2pi
2pL0`L¯0´2q{t ˇˇˇ0E
tree
“ A “
A
0
ˇˇˇ
e´2tpLD0 ´1q
ˇˇˇ
0
E
one-loop
. (96)
Here, LD0 is the L0 associated to the D-brane. Further, the length of the closed sting is l “ 2pi2{t,
whereas the open string has length t. One can show that this amplitude is zero if the D-branes are
BPS-saturated, which means that there is no force between the parallel D-branes as the attractive
force exerted by gravity and the dilaton equals the repulsive force from the RR-fields. The result of
this calculation is
lim
rÑ8A “ Vp`1p1´ 1q2pip4pi
2α1q∆pq´pqpr2q . (97)
Here, ∆pq´pqpr2q is the propagator in pq ´ pq-dimensional subspace with r the distance from the D-
brane. The `1 and ´1 contributions come from the gravity+dilaton and the RR-fields, respectively.
We now use this expression to find the tension Tp and the charge density ρp by comparing this result
with the one obtained from the low energy effective action
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SIIeff “ 12κ2
ż
d10X
»————–?´G
ˆ
RpGq ` 1
2
pdΦq2 ` 1
12
e´Φ pdBq2
˙
looooooooooooooooooooooomooooooooooooooooooooooon
Universal part (NS,NS)
`
ÿ
p
1
2pp` 2q!e
3´p
2 Φ
´
dApp`1q
¯2
looooooooooooooooooomooooooooooooooooooon
(R,R)
fiffiffiffiffifl .
(98)
The effective action on the Dp-brane is
SDeff “ Tp
ż
Mpp`1q
dp`1ξe
3´p
4 Φ
a´det pΠ ˚G`Π ˚B ` 2piα1F q , (99)
where Π˚ is the pull-back from 10-dimensional target space onto the D-brane. This is known as the
Dirac-Born-Infeld action. Lastly, we will need the coupling of the Dp-brane with charge ρp to the
RR-field App`1qµ1...µp , which is given by.
SDeff “ ρp
ż
Mpp`1q
Π˚App`1q . (100)
In the next sections, we will use these epressions to construct a stringy black hole state.
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20 Dimensional reduction and black holes
We start from the effective action
SIIeff ` SDeff ` SWZeff “
ż
d10x
„
1
2κ2
ˆ?´GR` 1
2
pdΦq2 ` 1
2pp` 2q!
´
dCpp`1q
¯2˙`
`
ÿ
i“1,2
´
Tpδ
p9´pqpxK ´ aiq
¯ˆ
´p´ 3
4
Φ`?´G
˙
` ρpCpp`1qδp9´pqpxK ´ aiq ` . . .
ff
.
Dropping all coupling and higher order terms, since we are only interested in the long range behaviour,
we find
lnZvac “ 2Vp`1κ2
`
ρ2p ´ T 2p
˘
∆pq´pqpp2q !“ 0 , ρ2p “ T 2p “ piκ2
`
4pi2α1
˘3´p
. (101)
The last expression tells us that the charge of a Dp-brane is equal to its tension. We now consider
Dirac-Zwanziger quantization. We move a Dp-brane around its magnetic dual, which is a D(6-p)-brane,
which gives
ρpρ6´p “ pin
κ2
.
This gives charge quantization, analogous to the Dirac quantization condition in electromagnetism.
Instead of calculating e
ű
C A for a closed curve around a monopole an requiring the expression gives a
multiple of 2pi, we now calculate ρp
ű
M√`∞ C
pp`1q, to give the expression above. This shows that the
D-branes are states with minimal RR-charge, hence we call them elementary.
In short, introducing D-branes in this way breaks half of our original supersymmetry (as we found for
the p-branes). We find that ρp “ Tp and ρpρ6´p “ pinκ2 . The low energy limit is a SUGRA p-brane
solution. In this picture, our perturbative degrees of freedom are massless open string states ending
on D-branes.
20.1 Black holes in string theory
Our strategy for constructing and analyzing string black holes will follow the following steps:
1. Construct black hole via dimensional reduction of p-brane solutions. The result will be an
extremal black holes in 5d, which has a temperature equal to zero so that Hawking radiation is
absent.
2. Use D-brane description of the p-branes (i.e. relating strongly and weakly coupled limits of our
theory) to count microstates N , calculate entropy as Sstat “ logN
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3. Compare to SBH “ A4
20.1.1 Dimensional reduction of effective action
The string frame action in terms of R and φ reads
S “ 1
2κ2D
ż
dDx
?´Ge´2φD `R` 4BMφBMφD˘ , take xM “ pxµ, xq , with x „ x` 2piRn, n P Z .
(102)
We perform a metric anzats of the form
GMN “
˜
G¯µν ` e2σAµAν e2σAµ
e2σAν e
2σ
¸
. (103)
This corresponds to considering only massless states, since we assume Aµ to be independent of x, the
coordinate of our compactified dimension. Here, G¯µν is the pD´1q-dimensional metric in string frame,
Aµ is a Kaluza-Klein gauge field, and σ is the Kaluza-Klein scalar. We have p´Gq1{2 “ eσp´G¯q1{2,
hence the geodesic length ρ of our compactified dimension is related to the parametric length R of the
compactified dimension as
2piρ “ 2piRexσy . (104)
We will see that xσy is not fixed by the equations of motion. We thus define a new dilaton in our
pD ´ 1q-dimensional theory
φ¯D´1 “ φD ´ σ
2
. (105)
We then find
S “ 1
2κ2D´1loomoon
“ piR
κ2
D
ż
dD´1x
a
´G¯e´2φ¯D´1
ˆ
R¯` 4Bµφ¯D´1BµφD´1 ´ BµσBµσ ´ 1
4
e2σFµνF
µν
˙
. (106)
The massive states in this theory (which we ignore here) are charged with respect to the Up1q » S1
gauge theory on the compactified circle with charges Q „ nR . The gauge coupling depends on the
modulus and the dilaton field. In the full effective action of type IIA and IIB , there are also tensor
fields which have to be dimensionally reduced.
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20.1.2 Dimensional reducation of p-branes
We have two ways types of dimensional reduction.
1. Compactify along world volume directions of the p-brane. We then go from a p-brane in D
dimensions to a (p-1)-brane in (D-1) dimensions
2. We compactify along directions transverse to the p-brane. This gives rise to a p-brane in (D-1)
dimensions. The transverse directions are not isometry directions of the p-brane, but we can use
the no-force property of BPS to construct a periodic array of p-branes.
We consider the second of the dimensional reduction constructions. We now split off the the transverse
directions as ~x “ px¯, xq. At all x “ 2piRn, n P Z, we have
H “ 1`
8ÿ
´8
Q
|~x´ ~xn|D´p´3 , with ~xn “ p0, 2pinRq . (107)
Through some rather involved calculations, one can show that
H “ 1` Q
R|x|D´p´4 `O
´
e´
|x¯|
R |
¯
. (108)
One says that the p-brane is delocalized or ‘smeared’ along the circle. This state is invariant under
rotations of the circle.
20.1.3 Interlude: Tangherlini black hole
The Tangherlini black hole is the 5-dimensional generalization of the extremal Reissner-Nordström
black hole solution, it is of the form
ds2E “ ´H´2dt2 `H
`
dr2 ` r2dΩ23
˘
, (109)
where H is a function that is harmonic with respect to the transverse coordinates, i.e. H “ 1 ` Qr2 ,
where Q is the electric charge of the black hole. In these coordinates, the event horizon is at r “ 0,
where H diverges. The area of the event horizon and corresponding is then
A “ 2pi2 lim
rÑ0
´
r3H3{2
¯
“ 2pi2lomon
Area of S3
Q3{2 , SBH “ A
4
“ pi
2
2
Q3{2 . (110)
20.2 Dimensional reduction of the D1-brane
We now try to construct a 5-dimensional black hole by dimensional reduction of a 1-brane, starting
from an expression from last lecture for the string frame action
64
ds2SF “ H´1{21
`
dt2 ` dy2˘`H1{21 `dx21 ` ¨ ¨ ¨ ` dx28˘ , e´2b10 “ H´11 , H1 “ 1` Qp10q1r6 . (111)
We now compactify along x4, x5, . . . , x9 “ y. x9 is a direction along our D-brane, i.e. compactifying
along this dimension reduces the dimensionality our our p-brane to a (p-1)-brane, according to the
first of the two methods of compactification outlined above. This gives the metric
ds2SF “ ´H1{21 dt2 `H1{21
`
dx21 ` ¨ ¨ ¨ ` dx24
˘
, H1 “ 1` Q
p5q
1
r2
. (112)
Where Qp5q1 can be calculated from Q
p10q
1 in the original string frame action. Additionally, the dilatons
are related as e´2φ5 “ e´2φ10?Ginternal “ H´1{41 . We now go from the string frame solution to the
Einstein frame solution, which reads
ds2E “ H´2{31 dt2 `H1F 1{3
`
dr2 ` r2dΩ23
˘
. (113)
We then find for the Bekenstein-Hawking entropy [14]
A “ 2pi2 lim
rÑ0
˜
r3
c
Q1
r2
¸
“ 0 ñ SBH “ A
4
“ 0 . (114)
The solution does not have an event horizon. This is due to the Kaluza-Klein scalars σ which become
singular at the event horizon and at spatial infinity. This signals that these solutions don’t make sense
as solutions to the lower-dimensional theory. In our case, the toriodal radii behave as R5,6,7,7 Ñ 8,
R9 Ñ 0 when we approach the horizon. We are only interested in regular solutions, so we have to
look further. Finding such regular solutions is typically referred to as stabilization of the moduli. The
generic method for stabilization is to employ ratios of harmonic functions, i.e. we consider not just H1
but ratios of harmonic functions.
20.3 Solution: p-brane superposition
We are interest in a superposition of p-branes of different kinds, where preserver part of the original
supersymmetry We consider a Dp-Dp’-system which are either parallel or perpendicular in all dimen-
sions. For such a BPS-solution, the dimensionality of the mutual transverse directions is 4k, k P N. In
these directions, we either (N,D) or (D,N) boundary conditions, i.e. on one brane we have Neumann
and on the other brane we have Dirichlet boundary conditions.
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21 Black holes in string theory from p/D-branes
21.1 p-branes
p-Branes are p-dimensional extended solutions of 10-dimensional (super)string theory, particularly
supergravity i.e. the massless sector, coupled to n-form gauge fields. If our 10-dimensional target space
is parametrized by pt, x1, . . . , x9q, then e.g. a 5-brane can by parametrized by pt, x1, . . . , x5q, where
we set the transverse coordinates px6, . . . x9q to zero. The metric is a harmonic function associated to
some charge Q, then
Hprq “ 1` Q
r∆
, ∆ depends on the codimension of the brane. (115)
these solutions look similar to black holes, in particular they can have a horizon, hence they are
sometimes referred to as black branes. The charge Q characterizes the coupling of the p-brane to a
(p+1)-form gauge field.
1. p=0: particle (when we look at it from a distance) coupled to a 1-form field Ap1q. This describes
a black hole
2. p=1: string coupled to Ap2q.
21.2 D-branes
D-branes are hypersurfaces in 10-dimensional space-time, on which we define boundary conditions
for open strings. Namely, we fix the endpoints of the open strings fixed on the D-brane i.e. we
define Dirichlet boundary conditions for open strings on the D-brane. If we take the D-brane to be
p-dimensional, we refer to it as a Dp-brane. Polchinski discovered that there exists a duality between
D-branes and p-branes, namely
The picture of a black hole in string theory is either as
1. A bound state of p-branes for gs „ 1, where the entropy can be found in terms of the horizon
area as SBH „ A.
2. A bound state of D-branes for gs „ 0, where the entropy can be found in terms of the number
of microstates as SBH „ lnN .
The former picture is valid in the regime where the string coupling gs „ Op1q, while the latter picture
is valid when gs Ñ 0. We can interpolate between the two pictures by employing supersymmetry. The
entropy will then depend on the charges tQiu of the branes, but not on gs. We can thus compute the
entropy in the two pictures and compare the expressions. In picture I, we compute the entropy from
the area of the horizon, namely SBH “ SBHpQ1, . . . , Qnq. In picture II, we count the degeneracies of
the open strings attached to the D-branes, namely SMicroscopic “ SpQ1, . . . , Qnq “ logp#statesq. We
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will later see that these two expressions agree, thus validating this picture. The number of D-branes
will be seen to correspond to the charges tQu. In this lecture we will focus picture I. We will construct
a 5-dimensional black hole since these are easier to construct.
21.3 10-dimensional gravity
We choose
M “ R1,4 b T 5 ,
i.e. we compactify 5 of the 10 dimensions. We have
1. Double-dimensional reduction, where one wraps certain world-volume directions of the p-brane
around n-dimensional cycle of T 5. This gives p1 “ p´ n
2. Normal dimensional reduction, where the world volume of the p-brane is in R1,4. This gives
p1 “ p
We consider three examples.
21.3.1 D1-brane
This case was briefly consdiered in the previous section. The D1-brane is parametrized by the coordi-
nates pt, y1q, and T 5 is parametrized by py1, . . . , y5q, i.e. we wrap one dimension of our D1-brane on
T 5 to give a 0-dimensional black hole-like object.
For a D1-brane, we have
ds2string “ H´1{21
`´dt2 ` dy2˘`H1{2 `dx21 ` ¨ ¨ ¨ ` dx28˘ , H1 “ 1` Q1r6 . (116)
The dimension ∆ “ 6 is given by the codimension D1-brane.
We have the dilaton e´2φ10 “ H1prq´1, i.e. we have to rescale the metric by e´2φ10 to find the metric
in Einstein frame
ds2E “ H´2{31 dt2 `H1{3
´
dr2 ` r2dΩ2p3q
¯
. (117)
This is the metric for the (1+4)-dimensional uncompactified space. The area is once again computed
as
A “ 2pi2 lim
rÑ0
˜
r3
c
Q1
r2
¸
“ 0 . (118)
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We see that this is not the black hole we are looking for. This follows from the fact that this is a
1
2 -BPS object i.e. we have 16 supersymmetry generators in our (4+1)-dimensional target space. We
will see that we need to further reduce supersymmetry by a factor 4.
21.3.2 D1, D5 - system
We now have a D1-brane in the same configuration as in the previous example. We also have a D5-
brane, of which we compactify all 5 dimensions on T 5 so that we again recover a 0-dimensional object
in target space.
The computation of the metric requires so called superposition rules, which we do not present here.
Heuristically, we need to superimpose the harmonic functions H1prq and H5prq associated to Q1 and
Q5, which is possible since we are considering BPS objects. Both the D1-brane and the D5-brane
have SUSY 12 i.e. they are
1
2 -BPS objects, which means we further reduce the number of target space
SUSY generators by a factor 2 so that the resulting target space has 8 SUSY generators. This gives
the following expression for the metric
ds2E “ ´pH1H5q´2{3 dt2 ` pH1H5q1{3
´
dr2 ` r2dΩ2p3q
¯
, H1 “ 1` 1
r6
, H5 “ 1` Q5
r2
. (119)
Then
A “ p2piq2 lim
rÑ0
˜
r3
c
Q1Q5
r4
¸
“ 0 . (120)
21.3.3 D1, D5 , pp-wave configuration
This configuration has charges Q1, Q5 associated to the D1- and D5-brane, respetively, as well as Qk,
which is the momentum in the D1-direction. The associated harmonic functions are H1, H5, and Hk,
the resulting configuration is 18 SUSY i.e. we have
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8 “ 4 SUSY generators in target space. We then
have the metric
ds2E “ ´pH1H5Hkq´2{3 dt2 ` pH1H5Hkq1{3
´
dr2 ` r2dΩ2p3q
¯
. (121)
The area is then
A “ 2pi2 lim
rÑ0
˜
r3
c
Q1Q5Qk
r6
¸
“ 2pi2aQ1Q5Qk . (122)
Hence
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SBH “ pi
2
2
a
Q1Q5Qk . (123)
We see that this agrees with the entropy of the Tangherlini black hole when we set Q1 “ Q5 “ Qk.
One caveat is that this formula for SBH only holds for large Q. Next time, we will derive the same
expression by counting string microstates.
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22 Black hole microstate counting
The D-brane configuration under consideration consists of Q5 D5-branes, Q1 D1-branes, andQk quanta
of light-like (conventionally) left-moving momentum along the common compactified dimension (similar
to Kaluza-Klein modes). This is an excited BPS state. The statistical entropy is given by the number
of distinct ways in which we can distribute the total momentum on the available excited states of the
system. Since we have light-like momenta, we have to look for massless excitations. We use the BPS
nature of our configuration to go to another point in parameter space which facilitates the calculation
of the number of excited states. We consider the picture where Ngs ! 1, while our calculation of the
entropy in the previous lecture was performed at Ngs " 1. Here, N is the number of branes, and gs
is the string coupling constant. The fact that Ngs ! 1 allows us to use string perturbation theory,
while Ngs " 1 gives non-perturbative solutions. In the former picture, which we will use today, the
D-branes will be used as boundary conditions for open strings.
We compactify on the five torus T 5 “ `S1˘5; we proceed to make one of these circles S1 large. The
D5-branes wrap around all five copies of S1 in T 5, while the D1-branes wraps only around the large
S1. We thus have internal momentum flowing along the large circle in the picture presented in the
previous lecture. We thus have the following situation:
0 1 2 3 4 5 6 7 8 9
D5 x x x x x x
D1 x x
where ‘x’ indicates that the D-brane extends into this dimension. As we did previously, we compactify
dimensions 5-8 on T 4, and we compactify the 9th dimension on the large copy of S1. After dimensional
reduction on T 4, the D-brane system is 1+1-dimensional with compact space direction. At low energies,
the effective world volume theory of Qp D-branes is a UpQpq super Yang-Mills (SYM) theory. In our
case, we thus obtain a 2d SYM theory with N “ p4, 4q SUSY and gauge group UpQ1q b UpQ5q. We
thus have two kinds of light-like excitations.
1. Excitations which start and end on the same D-brane stack, e.g. those on start and on the
D1-brane. These form a vector multiplet.
2. Excitations which start and end on different D-brane stacks. These form a hypermultiplet i.e. a
supersymmetric multiplet.
States in the vector multiplet transform under the adjoint representation of UpQ1q b UpQ5q, while
states in the hypermultiplet transform under the (anti)fundamental representation of UpQ1q pUpQ5qq,
or under the (anti)fundamental representation of UpQ5q pUpQ1qq. Here, the former case corresponds
to strings that start at the D1-brane stack, while the latter correspond to strings that end there. To
identify massless excitations, we have to find all flat directions of the scalar potential. This potential
has a complicated valley structure with two main branches:
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1. Coulomb branch, named such since it corresponds to a non-zero VEV of the scalar field in the
vector multiplet.
2. Higgs branch, named such since it is characterized by a non-zero VEV of the scalar in the
hypermultiplet, which couples to the gauge fields in a way that is reminiscent to the Higgs effect.
If we are in the Coulomb branch, the scalars of the hypermultiplet become massive. Conversely, in
the Higgs branch, the scalars of the vectormultiplet become massive. Hence, the two branches are
mutually exclusive. We are interested in the branch with the largest number of available states i.e.
which maximizes the entropy. In the Coulomb branch, the gauge group is spontaneously broken down
to Up1qQ1bUp1qQ5 . The only string states that remain are those that start and end on the same brane,
since those that stretch between different branes have a non-zero mass. The number of massless states
we end up with is thus Q1 `Q5, which are the Cartan directions of our gauge group. In the Coulomb
branch, the branes are moved away from each other so that they do not form a bound state. In the
Higgs branch, the gauge group is broken to Up1q. Since the VEV of the scalars of the vectormultiplet
vanish along the Higgs branch, all the branes stay on top of each other, hence they form a bound state.
In this picture, the Up1q gauge freedom parametrizes overall translations along the large copy of S1.
Via a rather involved analysis of the system, one can show that the potential has 4Q1Q5 flat directions.
Heuristically, the factor 4 arises as follows. We can have strings going from the D1-stack to the D5-stack,
namely, the states correspond to Q1 b Q¯5 and Q¯1 bQ5, where Q¯i corresponds to the antifundamental
representation. Additionally, we have a complex scalar. The complex scalar is the supersymmetric
partner of two Weyl spinors, which contributes another factor of Q1Q5 two our microstates. If we
increase the size of our large S1, we can reduce the energy carried by individual excitations. We can
then use the infrared limit of the effective theory of massless modes.
The N “ p4, 4q SUSY implies that the infrared fixed point of the theory is a superconformal sigma
model with a hyper-Kähler target space. This entails that the central charge of the theory is that of
a free theory, which is c “ 1 for a boson field and c “ 1{2 for a Majorana-Weyl fermion field, so that
the total central charge is
ctot “ 3
2
4Q1Q5 “ 6Q1Q5 . (124)
We can then use Cardy’s formula for the asymptotic number of states NpEq for a system with total
energy E in a 2d CFT with compact support
NpEq “ expapictotEL{3 . (125)
Here, L is the volume of space. Note that this formula holds only when E " 1. We thus find
Sstat “ lnNpEq “
a
pictotEL{3 “
c
2piQ1Q5
Qk
R
2piR “ 2piaQ1Q5Qk “ SBH . (126)
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Where we used the fact that E “ QkR and L “ 2piR. As indicated above, this matches the result of the
Bekenstein-Hawking entropy we derived in the previous lecture. Note that we need the fact that the
black hole is in a BPS state to consistently compare the black hole picture and the string microstate
picture as presented in the two previous lectures.
A possible improvement to the calculation presented above is to consider a 4d-example, where we use
D2-brane and D6-brane stacks, an NS5-brane, and a pp-wave. There, the result is
Sstat “ 2pi
a
Q2Q6Q5Qk . (127)
Where, in this case Q5 is the charge of the NS5-brane. One can also extend this calculation to the
non-extremal case, where our black hole has a finite temperature. This requires we also include right-
moving momenta. In this picture, open strings from the left-moving and right-moving sector combine
to create closed strings, which constitute Hawking radiation. Oddly enough, there is no in-moving
closed string that corresponds to the antiparticle partner of the outgoing Hawking radiation. Since
this picture is not BPS-saturated, the states we consider are not protected, so it is not clear whether
this calculation is consistent.
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23 Asymptotic symmetries in general relativity and black hole
hair
23.1 Introduction
We consider asymptotic symmetries, which characterize the infrared (IR) structure of general relativity.
In a general relativistic space-time, these asymptotic symmetries were first considered in the 1960’s by
Bondi, van der Burg, Metzner, and Sachs [16] [17]. Informed by the notion that flat space-times are
generally invariant under the Poincaré group, they expected to find this as the asymptotic symmetry
group of asymptotically flat space-times as well. However, the asymptotic symmetry group will turn
out to be an infinite-dimensional extension of the Poincaré group. These asymptotic symmetries,
knwon as BMS-transformations, are special kinds of diffeomorphisms which can be subdivided into
supertranslations and superrotations. Asymptotic symmetries are also present in gauge theories such
as QED and QCD, where they are related to so-called large gauge transformations, namely those that
do not go to zero at infinity [18]. An important point is that these asymptotic symmetries act as global
symmetries despite the fact that they are constructed from gauge symmetries i.e. even though they
act non-trivially on the Hilbert space of the system.
Although the work by B(B)MS dates from the 1960’s, it received rather little attention until recently,
when the corresponding BMS-charges were derived [19] and the Ward identities corresponding to BMS-
charge conservation were shown to be equivalent to Weinberg’s soft graviton theorem [20], as well as
a recently discovered subleading soft graviton theorem [21] [22]. Since we have an infinite number of
diffeomorphisms with associated conserved charges, we could use these to store an infinite amount of
(classical) information, including information that seems to disppear into a black hole. The remaining
section will look at the BMS-symmetries as well as their recently found counterpart at the event horizon
[23] [?] and the role they could play in the resolution of the black hole informaion paradox.
23.1.1 Classical picture
Classically, BMS transformations lead to an infinite class of space-time metrics for one particular
space-time geometry (manifold), which are nevertheless physically distinct. A BMS transformation
acts as
δBMS : gµν pxµq ÞÑ g˜µν pxµq , g and g˜ are physically distinct. (128)
This construction can be used for asymptotically flat space-times, such as Minkowski space, but also for
black hole space-times. The difference between g and g˜ can be measured by the gravitational memory
effect.
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23.1.2 Quantum picture
Quantum-mechanically, we say that the metric describes a particular state in the Hilbert space i.e. we
describe the metric gµν as some ket |gµνy. The variation δBMS is now promoted to an operator with
associated charges QˆBMS . These charges satisfy an algebra, which is only known for particular cases
such as AdS spaces. In the quantum picture, the variation of the metric is written as
QˆBMS |gµνy “ |g˜µνy . (129)
We thus find an (almost) degenerate set of vacua, where each vacuum is characterized by a metric.
They are almost degenerate since we might get slightly different values for physical parameters after
applying the BMS transformation as above, which we will see later. This degeneracy of the vacuum
that follows from the set of BMS-transformations is then related to the entropy of a given space-time
geometry. The BMS transformation transforms a metric to a different metric, which entails that the
BMS symmetry group is spontaneously broken. This gives rise to Goldstone modes, which are massless
particles corresponding to fluctuations in the ‘flat’ directions in the potential.
23.2 The interpretation of the Goldstone particles
The Goldstone particles that arise due to the spontaneous breaking of the BMS group are soft gravi-
tons, which appear in any gravitational scattering amplitude (even those at tree level). This is the
gravitational construction analogous to work done on QED by Kulish and Faddeev in the 1970’s.
Consider a four point graviton amplitude, with momenta p1, p2, p3, p4. Such amplitudes are generically
IR-divergent, i.e. they diverge when we let tpiu go to zero. According to Weinberg, such IR divergences
are cancelled by the inclusion of infinitely many soft gravitons which ‘dress’ the final state of the
scattering process i.e. the final state includes an infinite cloud of soft particles. This is called the soft
theorem. Schematically, the final state of our four-point (2 Ñ 2) scattering process is given by
|finaly “ | two-particle state y b | coherent cloud of soft gravitons y .
This is expressed by the so-called BMSWard identity, as recognized by Strominger. The meaning of the
BMS Goldstone modes is thus that the action of QˆBMS creates a cloud of soft gravitons. An amplitude
with n soft modes is related to an amplitude with n ` 1 soft modes by a BMS transformation. The
relation between soft gauge bosons (e.g. gravitons), asymptotic symmetries, and the memory effect
(to be discussed later) is schematically expressed in figure 8.
The BMS group provides a possible solution to the BMS information puzzle, posed very recently
by Strominger in [24]. Consider a black hole scattering process, where we start from an initial state
which is pure. The final state of this scattering process are Hawking modes, which are in a mixed state.
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Figure 8: A schematic summary of the relation between soft gauge bosons, asymptotic symmetries, and
the memory effect. The remainder of this lecture series is devoted to elucidating these three concepts
and exactly how they are related. Figure taken from [4].
Hawking modes have an energy („ temperature) TH “ 18piM ą 0 , which we consider to be hard. Recall
that the spectrum of the Hawking modes is npωq “ 1
eω{TH´1 . The final state is then given by some
density matrix ρ “ řα ρα |Hαy xHα|. Strominger argued that this picture is not complete, since each
Hawking quantum has to be dressed by an infinite number of soft modes. He then proposed that the
soft modes purify the final state due to their entanglement with the hard Hawking modes Hα. The
full quantum process is then given by a unitary S-matrix as
S |ψinitialy “
ÿ
α,β
|Hαy |Sβy “ |ψfinaly , (130)
wo that both ψinitial and |ψfinaly are pure states. We will not comment further on this proposal;
interested readers are encouraged to have a look at the literature.
23.3 Asymptotic BMS tranformations - supertranslations and superrota-
tions
We investigate the aymptotic symmetries by following these steps:
1. Assume the space-time is asymptotically flat
2. Expand the metric around spatial infinity
3. Consider a special class of diffeomorphisms, namely those that leave the asymptotic structure
and boundary conditions at infinity invariant. This entails that the resulting metric is also
asymptotically flat
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23.3.1 Expansion of the metric around spatial infinity
We now introduce so-called Bondi coordinates, which are often used to describe asymptotic symmetries.
However, this are not the only possible choice; their common usage is probably due to historical
reasons. We have lightcone coordinates u and v which parametrize I` and I´, respectively. We then
use complex coordinates z and z¯ to parametrize the two-sphere for a particular value of u or v. The
retarded and advanced Bondi coordinates thus given by pu, r, z, z¯q and pv, r, z, z¯q, respectively. We have
z “ i cotpθ{2qeiφ, so that the spherical metric is given by
ds2S2 “ dθ2 ` sin2 θdφ2 “ 2γzz¯dzdz¯ , γzz¯ “
2
p1` zz¯q2 . (131)
For example Minkowski space is given by
ds2 “ ´dt2 ` d~x2 “ ´du2 ´ 2dudr ` 2r2γzz¯dzdz¯ . (132)
We will continue our derivation of the aymptotic symmetries next time.
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24 Asymptotic symmetries of 4D space-time geometries
BMS transformations are related to the emission of soft gravitons, which play the role of Goldstone
bosons of spontaneously broken BMS symmetry. In this lecture, we will look more closely at the BMS
group of asymptotic symmetries, in particular supertranslations.
24.1 Supertranslations
Supertranslations are one component of the asymptotic symmetries of gravity in asymptotically flat
space-times, i.e. space-times with asymptotic boundaries I˘. The derivation of the asymptotic sym-
metry group is summarized as follows.
1. We use the retarded BMS coordinates pu, r, xAq on I`, where xA are spherical coordinates. This
corresponds to the symmetry group BMS`. There are also the advanced BMS coordinates, where
u is replaced by v; this gives to BMS´ which acts at I´.
2. We use Bondi gauge, where we fix the local diffeomorphisms by setting grr “ 0 “ grA and
Br det
`
gAB
r2
˘ “ 0. This gives the metric
ds2 “ ´Udu2 ´ e2βdudr ` gAB
ˆ
dθA ` 1
2
UAdu
˙ˆ
dθB ` 1
2
UBdu
˙
. (133)
3. We go to asymptotically flat space-times, write xA “ pz, z¯q, z “ cotpθ{2qeiϕ, and expand the
metric around infinity in 1r . This gives
ds2 “´du2 ´ 2dudr ` 2r2γzz¯dzdz¯looooooooooooooooomooooooooooooooooon
Minkowski metric
`
` 2mB
r
du2 ` rCzzdz2 ` rCz¯z¯dz¯2 `DzCzzdudz `Dz¯Cz¯z¯dudz¯`
` 1
r
ˆ
4
3
pNz ` uBzmBq ´ 1
4
pCzzCzzq
˙
dudz ` c.c.` . . . (134)
We now have three different functions: Czz, mB , Nz, which are functions of u, z, z¯, but not of r.
• mB is called the Bondi mass aspect. We can integrate it as
ş
S2
mBpz, z¯qdzdz¯ to give the total
Bondi mass, which equals the ADM mass in the case of a black hole.
• Nz is called the angular momentum aspect. We can integrate it as
ş
S2
NzV
zpz, z¯qdzdz¯ to give
the total angular momentum.
• Czz and Cz¯z¯ are gauge potentials of a gravitational wave, akin to (electromagnetic) vector po-
tentials.
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• Nzz :“ BuCzz is called the Bondi news. Nzz and Nz¯z¯ correspond to the two helicity components
of a spin-2 gravitational wave. This quantity is similar to the electromagnetic field strength.
The supertranslations are diffeomorphisms that keep the Bondi gauge and the asymptotic structure of
the metric invariant. These are residual large gauge transformations, as they have a non-trivial action
at the boundary of space-time. One could naively expect that the only residual symmetries are the
Poincaré group, the finite-dimensional symmetry group of the Minkowski metric. This was indeed the
expectation of B(B)MS when they started their calculations. Surprisingly, however, BMS˘ turns out
to be infinite-dimensional and contains the Poincaré group as a subgroup. Hence, general relativity
does not simply reduce to special relativity at large radial distances and weak fields. This implies that
there is a large space of degenerate metrics (vacua), even in the case of Minkowski space.
More concretely, consider diffeomorphisms which are given by some vector ξµpu, r, z, z¯q, which we will
relate to some ξµpz, z¯q. We have ξu, ξr „ Op1q, ξz and ξz¯ „ O ` 1r ˘. Then
pLξgqur “ ´Buξu `O
ˆ
1
r
˙
pLξgqzr “ r2γzz¯Brξz¯ ´ Bzξu `O
ˆ
1
r
˙
pLξgqzz¯ “ rγzz¯
“
2ξr ` rDzξz ` rDz¯ξz¯
‰`Op1q
pLξgquu “ ´2Buξu ´ 2Buξr `O
ˆ
1
r
˙
. (135)
Where Dz and Dz¯ are covariant derivatives with respect to γzz¯ i.e. they are covariant derivatives on
the unit sphere. The solution to these equations is
ξ “ fBu ` 1
r
`
DzfBz `Dz¯fBz¯
˘`DzDzfBr , f “ fpz, z¯q . (136)
This is the generator of BMS supertranslations. It is given in terms of an arbitrary function fpz, z¯q,
hence we have an infinite family of supertranslations.
As seen in the picture, a supertranslation is nothing but an angle-dependent shift of the retarded time
at I`. This is a generalization (localization) of the four Poincaré translations. If we take fpz, z¯q to be
constant, we find u-translations. If we take fpz, z¯q to be an ` “ 1 harmonic function, this corresponds to
a spatial translation. All supertranslations act non-trivially i.e. they transform physically inequivalent
metric into each other. This gives a measurable effect, which is known as the gravitational memory
effect. This is a gravitational analogue of the Aharonov-Bohm effect. We now look at the action of a
supertranslation parametrized by some function f on the quantities given above, which is given by
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Figure 9: Under the action of a supertranslation in BMS`, I` undergoes a translation in u that is a
meromorphic function of the angular coordinates pz, z¯q. Image adapted from [?].
LfmB “ fBumB ` 1
4
“
NzzD2zf ` zDz¯NzzDzf ` c.c.
‰
LfNzz “ fBuNzz , field strength
LfCzz “ fBuCzz ´ 2D2zfpz, z¯q , potential . (137)
Note that we have an infinite number of choices for fpz, z¯q, hence we have an infinite family of metrics.
24.2 Example: Minkowski space
In Minkowski space, mB “ 0, Nzz “ 0, and Czz “ 0, where the last equality holds in the standard
Minkowski metric ds2 “ ´dt2 ` d~x2. We now perform a BMS supertranslation given by some fpz, z¯q,
which will result in another metric which we denote by Minkowski1. One sees from 137 that the result
is given by
m1B “ 0 , N 1zz “ 0 , C 1zz “ 2D2zfpz, z¯q (138)
One can easily show that the curvature components will still be equal to zero i.e. Rµνρσ “ 0, which is
generally the case if Czz and Cz¯z¯ equal to the second derivative of some function. Hence, for Minkowski
space, we get an infinite family of flat Minkowski metrics. The manifold C of flat vacua (similar to a
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moduli space) is given by
C “ tCzz | Czz “ 2D2zΦpz, z¯q u (139)
Hence, the space of flat vacua is isomorphic to the space of functions Φpz, z¯q on S2. Namely, a point
in C corresponds to a point in S2. A BMS supertranslation transforms Φ as
Φpz, z¯q Ñ Φpz, z¯q ´ 2fpz, z¯q
Minkowski space in Minkowski coordinates in Bondi coordinates is
ds2 “ ´du2 ´ dudr ` 2r2γzz¯dzdz¯ , Φpz, z¯q “ 0 .
After a BMS transformation, the metric is of the form
ds2 “ ´du2 ´ 2dudr ` 2r2γzz¯dzdz¯ ` rCzzdz2 ` rCz¯z¯dz¯2 .
This is still flat Minkowski space, i.e. Rµνρσ “ 0, if and only if Czz “ 2D2zfpz, z¯q.
24.3 Quantum-mechanical picture
In the quantum picture, we write these results as
Classically Quantum mechanically
Czz “ D2zΦ |Φy “ˆ |Czzy
Φ Ñ Φ´ 2f |Φy Ñ Qˆf |Φy “ |Φ´ 2fy . (140)
The generator Qˆf does not annihilate the vacuum i.e. the BMS group is spontaneously broken, as
mentioned during the last lecture. This gives rise to massless Goldstone modes. Classically, the
Goldstone modes are just the variations of the metric of the form D2zf „ Lfg. We will make this a bit
more precise in due time by considering the gravitational memory effect.
Consider two classical vacua at some initial time ui and some final time uf , which differ by a BMS
supertranslation. We construct an interpolating space-time that brings us from the vacuum at ui to
the vacuum at uf . At ui, we take Cizz “ D2zΦpz, z¯q, and at uf , we have Cfzz “ D2zΦf pz, z¯q, where
Φi ´ Φf “ 2f . We now look for an interpolating metric, which is described by a function C intzz pu, z, z¯q
such that C intzz pui, z, z¯q “ Cizz and C intzz puf , z, z¯q “ Cfzz. The interpolating metric must have some
non-trivial time dependence. This gives a gravitational wave (pulse), since N intzz “ BuC intzz ‰ 0. The
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picture is as follows. If we send out a gravitational wave past I` and turn it off, this will have a
measurable effect on I` which is known as the gravitational memory effect.
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25 BMS charges
We are discussing a family of asymptotically flat metrics (which includes Minkowski space). We do
this in the Bondi gauge using Bondi coordinates, as presented during the previous lecture. The Cauchy
data (or parameters) divide into the following subclasses:
1. Mass: Bondi mass aspect mBpu, z, z¯q
2. Angular momentum: Bondi angular momentum aspects Nz and Nz¯
3. Radiation: Gauge potentials Czzpu, z, z¯q and Cz¯z¯pu, z, z¯q, which describe gravitational waves
4. Field strength: Bondi news Nzz “ BuCzz and Nz¯z¯ “ BuCz¯z¯
What are the symmetries that keep the asymptotic form of the metric invariant? These are the
asymptotic Killing vectors (AKV’s), which are of the form
ξµfpz,z¯q “ pξu, ξz, ξz¯, ξrq “
ˆ
fpz, z¯q, ´1
r
Dzfpz, z¯q, ´1
r
Dz¯fpz, z¯q, DzDzfpz, z¯q
˙
. (141)
Where fpz, z¯q are functions on S2. Note that these AKV’s keep the asymptotic form of the metric
invariant but act non-trivially on the interior of our space-time. Namely, the variation with respect to
an AKV given by some function fpz, z¯q is given by
δfpz,z¯qCzz “ fpz, z¯q BuCzzlomon
Nzz
´2D2zfpz, z¯q . (142)
The second term gives rise to an infinite family of supertranslated metrics. Namely, Minkowski space
corresponds to mB , Nz, Nzz all equal to zero. The family of Minkowski vacua is then given by
C “ tCzz | Czz “ 2D2zΦpz, z¯qu . (143)
A supertranslation then acts as Φpz, z¯q Ñ Φpz, z¯q ` fpz, z¯q.
Remarks:
1. The soft quanta (Goldstone bosons of broken BMS symmetry) have zero energy. These given by
lim
ωÑ0 ∆Czz “ limωÑ0
ż uf
ui
du eiωuBuCzzpu, z, z¯q “ Czzpuf , z, z¯q´Czzpui, z, z¯q “ δfCzz “ 2D2zfpz, z¯qlooooomooooon
Goldstone mode
(144)
In field theory language, this is written as
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|Goldstone modey “ |Soft gravitony .
In words, this means that Minkowski space is equipped with an arbitrary number of soft modes.
2. The field equations are the familiar Einstein equations
Rµν ´ 1
2
gµνR “ 8piGTMµν .
Where TMµν is the energy-momentum tensor corresponding to the matter content of our space-
time. For the asymptotically flat metrics, we obtain the following on-shell condition
BumB “ 1
4
“
D2zNzz `D2z¯Nz¯z¯
‰´ Tuu , Tuu “ 1
4
NzzN
zz ` 4piG lim
rÑ8
“
r2TMuu
‰
. (145)
25.1 Asymptotic charges
The asymptotic charges can also be defined for the bulk but are only conserved at the null-like bound-
aries of space-time denoted by I˘. These charges are Noether charges, which are typically derived in
Hamiltonian formalism. A Hamiltonian corresponds to a symplectic structure, which is a symplectic
form that depends on position and momentum variables ωpp, qq. We will not derive the symplectic
structure here, but instead present the result. The charge corresponding to the supertranslations are
Qfpz,z¯q “ ωpCzz, δfCzzlomon
LfCzz
q “ 1
4piG
ż
I˘–S2
dzdz¯ γzz¯fpz, z¯qmBpu, z, z¯q
“ ´ 1
4piG
ż
I`XI´”C
dudzdz¯ fpz, z¯qBumB
“ 1
4piG
ż
C
dudzdz¯fpz, z¯q
„
Tuu ´ 1
4
`
D2zN
zz `D2z¯N z¯z¯
˘
“ ´ 1
8piG
ż
C
dudzdz¯CzzBu pδfCzzq , δfCzz “ 2D2zf . (146)
Here, I` X I´ ” C is a Cauchy surface for our space-time. We have an infinite number of charges
since fpz, z¯q is allowed to be meromorphic. We see that the charges correspond to the u-derivative of
the Goldstone mode. We can then compute the charge algebra as
tQf , Qf 1uP.B. “ Qf`f 1 ,
This gives two copies of the Virasoro algebra, each of which is of the form rLm, Lns “ pm´ nqLm`n.
This tells us that we are simply performing conformal transformations on S2.
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Remarks:
1. The charges are related to soft gravitons ” Goldstone bosons given by the ket |GBy via the
standard low energy theory as follows
Q |0y “ |0y ` |GBy “ ˇˇ01D
2. The expectation values for the chargesQf for static and stationary backrgounds, i.e. u-independent
backgrounds, are classically zero. In quantum language
xQy “ x0|Q|0y “ @0ˇˇ01D “ 0
However, the following expression is not equal to zero
x0|Q|GBy “ xGB|GBy ‰ 0
25.2 Superrotations
Superrotations are generalizations of standard rotations. We saw before that the supertranslation
chagres are expressed in terms of the Bondi mass aspect mB . We will see that the superrotation
charges are expressed in terms of the angular momentum aspect NA ” pNz, Nz¯q. The superrotations
are given by functions YApz, z¯q “ pYz, Yz¯q. The corresponding charges are
QYA “ 18piG
ż
I˘–S2
dzdz¯ γzz¯Y
Apz, z¯qNApu, z, z¯q (147)
They destroy asymptotic flatness, in the sense that they generate a conical deficit angle in space-time.
This corresponds to the creation of a cosmic string into the bulk. The charges Qf correspond to
generators Tpm,nq, while QY correspond to Virasoro generators Ln. They satisfy the following algebra:
rLm, Lns “ pm´ nqLm`n ,“
Lm, Tpp,qq
‰ “ ´pTpp`m,qq ,
rT, T s “ 0 . (148)
The second expression tells us that supertranslations give rise to superrotation charges.
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25.3 BMS-like transformations and charges on the horizon of Schwarzschild
space-time
A similar structure to asymptotic BMS has been found at the event horizons of a black hole, which we
denote by H˘ [23]. We follow the same steps as before:
1. Expand the metric around H`
2. Look for those diffeomorphisms that keep the asymptotic expansion invariant, which we write as
BMSH .
3. Derive a family of black hole metrics δgpz,z¯qgBHµν “ gBH1µν , where gpz, z¯q now plays the role that
fpz, z¯q played before.
4. Find Goldstone modes which correspond to gravitational waves which pass through H`
5. Compute the horizon charges Qg. We will find that, for classical, static black holes, xQgy “ 0.
Quantum mechanically, we will find that the operators Qˆg corresponding to the charges Qg will
have a non-zero VEV.
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26 The gravitational memory effect
The gravitational memory effect is a change in spatial separation between two points (on I) due to
the passing of gravitational radiation, which is characterized by Nzz ‰ 0. Namely, if we start from
two points that are separated by a distance psz, sz¯q and let gravitational waves pass between them,
the change in sz in retarded coordinates is given by
∆sz “ γ
zz¯
2r
∆Cz¯z¯s
z¯ . (149)
We start from
Czz “ ´2D2zCpz, z¯q , (150)
for some function Cpz, z¯q. From 145, we then find that
D2z∆C
zz “ 2∆mB ` 2
ż
duTuu . (151)
The solution is given by
∆Cpz, z¯q “ ´
ż
d2wγww¯Gpz, z¯;w, w¯q
ż
du pTuupw, w¯q `∆mBq , (152)
where the Green’s function is given by
Gpz, z¯;w, w¯q “ |z ´ w|
2
pip1` zz¯qp1` ww¯q log
„ |z ´ w|2
p1` zz¯qp1` ww¯q

, D2zD
2
z¯Gpz, z¯;w, w¯q “ γzz¯δp2qpz´wq`. . .
(153)
One can rewrite it as [25]
Gpz, z¯;w, w¯q “ 1
pi
sin2
∆Θ
2
log sin2
∆Θ
2
(154)
where ∆Θ is the angle on the two-sphere at I between pz, z¯q and pw, w¯q. Note that the Green’s function
effect vanishes for small ∆Θ and attains its maximum absolute value at ∆Θ “ pi{2.
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27 Current research on BMS-like transformations and charges
of black holes
The BMS-like charges we consider here are also referred to as BMS soft hair, since they correspond to
soft gravitons and extend the notion of black hole hair. Today we will focus on the classical picture,
the next lecture will focus on the quantum model. Consider Schwarzschild geometry in Eddington-
Finkelstein coordinates in advanced time v “ t ` r˚. The only difference of this form of the metric
with that of the Bondi coordinates the fact that we use r˚ instead of r
ds2 “ ´
´
1´ rs
r
¯2
dv2 ` 2dvdr˚ ` r2γzz¯dzdz¯ . (155)
We see that if we let rs Ñ 0, we recover (flat) Bondi coordinates. We have a family of metrics
ds2 “ ´
´
1´ rs
r
¯2
dv2 ` 2dvdr ` r2γzz¯dzdz¯ ` rsr
r ´ rsC
H
zzpv, z, z¯qdz2 ` rrsr ´ rsC
H
z¯z¯pv, z, z¯qdz¯2looooooooooooooooooooooooooooomooooooooooooooooooooooooooooon
radiation through horizon
. (156)
We now consider diffeomorphisms that preserve the gauge choice and the form of the metric in the
limit where we approach the event horizon. The corresponding asymptotic Killing vectors are given
by an infinite set of functions gpz, z¯q
χµg “ gpz, z¯qBv ´ rs ´ rrrs
`
D2zg Bz ` h.c.
˘`DzDzgpz, z¯qBr . (157)
We refer to the corresponding modes as H-modes, which will later be contrasted with A-modes, to be
defined below. The gauge potentials transform as
CHzz Ñ CHzz ´ 2D2zgpz, z¯q . (158)
This transformation has the same form as the one we found in previous lectures for fpz, z¯q. We thus
get a family of equivalent Schwarzschild vacua characterized by
CH “ tCHzz | CHzz “ 2D2zΦpz, z¯qu . (159)
Which is of the same form found previously at I. One can then show that the mass of the black
hole is unchanged. Additionally, we want to check if the family of metrics also correspond to vacuum
solutions. Namely, if we start from some g0µν and vary with respect to an AKV, we wish to check that
the following holds
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ggµν “ g0µν ` δχgµν , Rµν
`
ggµν
˘ “ 0 . (160)
One can show that the angular components of the Ricci tensor pRθφ, . . . q vanish on the horizon. The
other components of the Ricci tensor vanish at the linearized level, which corresponds to the fact that
such a perturbation corresponds to a gravitational wave. This picture is equivalent to the so-called
membrane paradigm [26].
27.1 Soft gravitons
We have the field strengths analogues NHzz “ BvCzz and NHz¯z¯ “ BvCz¯z¯, corresponding to the two
polarizations of a (soft) graviton. Then
NH,w“0zz “ lim
ωÑ0
ż vf
vi
eiωvBvCHzz “ 2D2zgpz, z¯qlooooomooooon
Goldstone modes of Schwarzschild space-time
, (161)
which makes explicit the fact that we are dealing with a soft pω Ñ 0q limit. The supertranslation
charges at the horizon are then given by
QH “
ż
IBH»H˘YI˘
dvdzdz¯ BvCHzzD2zgpz, z¯q
“ ´
ż
IBH
dvdzdz¯ CHzzBv
`
D2zg
˘
“ ´1
2
ż
IBH
dvdzdz¯ CHzzBv
`
δgC
H
zz
˘
. (162)
For static (stationary) black hole metrics, QH “ 0, but QH ‰ 0 for a collapsing shell of matter.
27.2 A-modes
We see in the H-modes that we have rs´rrsr “ 1r ´ 1rs . The first term corresponds to the familiar BMS
transformations for flat (Minkowski) metrics, while the second term is new and arises from the presence
of a black hole [27, 28, 29]. We now consider
χ1g “ gpz, z¯qBv ` 1rs
`
D2zgBz ` h.c.
˘`D2zgBz , (163)
in the context of the metric
ds2 “ ´
´
1´ rs
r
¯
dv2 ` 2dvdr ` r2γzz¯dzdz¯ ` rsCAzzdz2 ` rsCAz¯z¯dz¯2 . (164)
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This corresponds to CAzz Ñ CAzz ´ 2D2zgpz, z¯q, so that we can write
δχg “
¨˚
˚˝˚˚0 0 0 00 0 0 0
0 0 α β
0 0 β γ
‹˛‹‹‹‚ , (165)
where
α “ ´2r
2
rs
B2g
Bθ2 ,
β “ ´2r
2
rs
ˆ B2g
BθBϕ
˙
,
γ “ ´2r
2
r2s
ˆ B2g
Bϕ2 ` sin θ cos θ
Bg
Bθ
˙
. (166)
The A-modes are the Goldstone modes of the family of black hole space-times. We make the following
remarks:
1. QA “ 0 for static or stationary solutions.
2. Since the Goldstone modes are ω “ 0 gravitational waves, they are gapless modes i.e. they carry
no energy and leave the mass of the black hole invariant.
3. The wavelength of the A-mode is finite, namely λA « rs. That this is consistent with the fact
that they have no energy is due to the infinite redshift at the horizon.
4. A-modes correspond to gravitational waves that travel along the horizon. This is reminiscent of
open strings travelling along the black hole, whose degeneracy gives rise to black hole entropy in
string theory.
5. Clasically, we have an infinite number of charges i.e. infinitely many Goldstone modes. We can
expand gpzz¯q in angular coordinates as
gpθ, ϕq “
8ÿ
`“0
`ÿ`
m“´`
b`mY`mpθ, ϕq .
We thus have one charge b`m for each pair p`,mq subject to ´` ď m ď `. These charges are
referred to as soft hair.
The classical entropy S “ A4~GN
~Ñ0ÝÝÝÑ 8, but this entropy needs an infinite amount of time to be
released i.e. it is not classically accessible.
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27.3 Quantum picture of a Schwarzschild black hole
The physical picture considered here has been developed by Dvali and Gomez [30]. We will see that
the classical picture presented above corresponds to a large N-limit of the quantum picture, in a way
that is reminiscent of AdS/CFT correspondence. The black hole seems to correspond to a bound state
of N gravitons, akin to a Bose-Einstein condensate. We refer to the Goldstone modes as Bogoliubov
modes for reasons that will become clear in due time. These modes are the collective excitations of the
graviton bound state. Schematically, we will rename |Goldstoney ” |Bogoliubovy. The collective mode
is formed at the quantum critical point, where the gravitons condense. We have a graviton condensate
which we refer to as φ, such that xφy „ xggy, i.e. the gravitons form a condensate corresponding to a
chage QˆA. Then, QˆA |BHy “ |BH’y.
27.3.1 Toy model
In a condensed matter toy model one can calculate thatM “ ?NMp`O
`
1
N
˘
and rs “
?
NLp`O
`
1
N
˘
,
so that
S „ r2s “ N `Op1q NÑ8ÝÝÝÝÑ 8 .
There is a collective coupling, given by λ “ αN , where α is the coupling of individual gravitons. The
critical point is then at α “ 1N „ 1r2s i.e. λ “ 1, which is familiar from condensed matter physics.
This toy model corresponds to bosons on a circle. We see that ωi “ 0 ` O
`
1
N
˘
at λ “ 1 i.e. the
non-degenerate spectrum collapses to a point where it becomes completely degenerate. The O ` 1N ˘
term signals a breakdown of degeneracy, i.e. the Goldstone modes will get masses of O ` 1N ˘, so that
they become pseudogoldstone modes. The limit λ Ñ 1 corresponds to infinite redshift, so that the
event horizon can be seen to correspond to the quantum critical point of the BEC.
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28 Quantum hair and quantum black hole vacua
We have seen that there is an infinite family of classical metrics that describe black hole, particularly
Schwarzschild. We transform the metric as follows
δχgµνpxq ` gµν . (167)
This gives rise to an infinite number of Goldstone modes. The BMS groups at radial infinity and at
the event horizon are related as follows
BMS8 BMSH
ω “ 0, λ “ 8 (k “ 0) ω “ 0, λ “ rs
ω “ ck Infinite redshift at horizon, ω “ grrck
Let us now assume that a black hole is a bound state of N gravitons for N Ñ 8. The individual
coupling between gravitons goes as αpEq “ E2
M2Pl
“ L2pr2 . The collective coupling is then given by
λ “ αpEqN “ L2pr2 N p“ λprqq. At λprq “ 1, we have quantum criticality i.e. the gravitons condensate.
λprq can be seen as the holographic coupling, namely, λ gives rise to an emergent (radial) coordinate
in a renormalization type picture. Then, λ “ 1 is the fixed point of our renormalization group flow.
A similar picture arises in AdS/MERA correspondence. For λ “ 1, r2s “ N , hence M “
?
NMp and
rs “
?
NLp, and S „ A „ r2s „ N , so that N can be viewed as the number of microstates.
28.1 Collective excitations
The collective excitations are called Bogoliubov modes. These are the quantum counterparts of the
Goldstone modes. Schematically, this is written as
|Bogoliubov modey “ |Goldstone bosony .
The Bogoliubov mode has some 1{rs and frequency ∆ω „ 1r2 “ 1N . ∆ω is the first correction to the
energy degeneracy at λ “ 1. Classically, we have seen that the charges for superrotations are zero. In
the quantum picture, we write
Qˆ “P BvCHzzδχggµν “
ż
Bvδχggµνpxq . (168)
We then have
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Classically: δχggµν “
ÿ
m,`
b`mµν pr, θ, ϕqY `mpθ, ϕq
Quantum mechanically: δχggµν “
ÿ
m,`
1?
ω`,m
”
bˆ`mµν pr, θ, ϕqY `mpθ, ϕqe´ivωm` ` h.c.
ı
. (169)
The expression for the charge is
Qˆ “
ż
Bvδχgˆµνpv, θ, ϕq “ ´i?ω`,m
´
bm`e
´iω`,mv ´ b:m`eiω`,mv
¯
. (170)
We see that for ω`m Ñ 0, 1N Ñ 0, hence Qˆ goes to zero as 1?N . We use a coherent state ansatz, which
satisfies
Qˆ |Ny “ |Ny1 .
This state |Ny is given by
|Ny “ exp
˜ÿ
m,`
n`m
´
b`m ´ b:`m
¯¸
|0y .
Here, n`m “ xb:`mb`my i.e. the occupation number of the individual Bogoliubov modes. The VEV of
the charge is then
A
N
ˇˇˇ
Qˆ`m
ˇˇˇ
N
E
“ ?ω`mn`m « ?ω`m , for n`m “ 0, 1 . (171)
The approximation made in the above expression gives
xQˆ`my “ 1?
N
NÑ8ÝÝÝÝÑ .0
We will take `max „ rs “
?
N , since for higher angular momenta we cannot ignore the back-reaction.
For ` ď m ď `, we find that
#modes „ `2max „ r2s „ N “ #charges “ Q`m .
We then assume that each mode corresponds to some qubit with values n “ 0, 1. Then, the number
of states is d “ 2N , so that S “ log d “ N . We can summarize the picture in the following table
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Quantum picture Geometric picture
N “finite N “ 8
Quantum criticality Emergence of the horizon
Bogoliubov modes A-modes δgµν
Coupling α „ 1N α “ 0
Energy gap ω „ 1N Massless modes ω “ 0
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